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Abstract

A model has been proposed for classical guitars to translate
parameters of construction to estimates for the frequency and
relative power of vibrational modes, which relate to issues of
sound (Mores, 2021a). The model applies for the signature
modes, i.e. the frequency range below 600 Hz. An archive has
been published which covers bridge responses of valuable and
historically important guitars (Mores, 2021b). This study uses
the model and applies it to exemplars of the archive. Examples
of symmetrically and asymmetrically braced guitars
demonstrate the model’s capability to read matters of
construction from the bridge response function.

Introduction

The author reports data on some 65 valuable and historically
important flamenco guitars and classical Spanish guitars from
public and private collections, containing bridge mobility
functions and geometry among others (Mores, 2021a).
Among the guitars is one exceptional exemplar made by
Faustino Conde which encouraged to analytically model the
issue of sound tuning in asymmetrically braced guitars for the
low frequency range (Mores, 2021a). This model and its
numerical implementation (Mores, 2020) now help to
understand asymmetrically but also symmetrically braced
guitars. In fact, the model suggests to read the important
tuning parameters, reversely, from the bridge mobility.

The analytical model

Most guitars have one or two resonances in between A0 and
the first air mode 4/, and most researchers confirm this by
reporting frequency triplets, i.e. 40 plus the two resonances,
at most (Jansson, 1971; Popp, 2012; Richardson, 1984;
Stetson, 1981). A flamenca negra guitar, built by Conde in
1964, however, reveals four resonances between 40 and 41,
effectively constituting a frequency quintet, see Fig. 1.
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Figure 1: Bridge response of a flamenca negra guitar, build
by Faustino Conde in 1964. Note the asymmetric response in
the deterministic region below 400 Hz. Air modes are
denoted with A0 and A1, T1 represents the common mode
motion of top and back (200 Hz), 72 the plates’ anti-phase
motion (240 Hz), 73 a cross-mode of the bridge (277 Hz),
and 74 a rotational mode of the bridge around its longitudinal
axis (317 Hz).

How can multiple resonances exist in a guitar, which has
otherwise dimensions like any other guitar and which is built
from the same types of wood? A dedicated study reveals the
construction principle and the tuning parameters to constitute
multiple resonances. The parameters are: (i) asymmetry of the
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spring force of the bracing bars in the top plate, denoted by
factor ¢, (ii) bridge overhang, i.e. the bridge is usually
somewhat wider than the distance between supporting braces
underneath, or, inversely, the effective point of attack of the
braces R relative to the length L of the bridge, denoted by s,
or, more precisely, relative to the length L of a box with a mass
and a moment of inertia equivalent to the bridge, see Fig. 2,
and (iii) the coupling factor between top plate and back plate
relative to units of spring force in the bracing bars at the top
plate, denoted by ¢ (Mores, 2021a). See Fig. 2 for mentioned
geometric properties.

The analytical system for the entire construction of the top
plate coupled with the back plate, is given by,

m; 0 0\ /%
( 0 m, 0) ()
0 0 J/\¢
ki +ky,+ky, —kg (ky, — k)R '\ /x1
+ —k, ke +ky 0 <x2>
(k; — k)R 0 (ki + k;)R? ) \®

0
(0) (Eq.1)

0
as derived from energy preservation for potential and kinetic
energy across the three dimensions of freedom (Mores,
2021a). For notations see fig.2, but briefly, m; represents the
bridge plus top plate, m> represents the back plate, springs k;
and k> represent top plate braces, kj; represents the spring force
in the back plate, and k&, represents the coupling between the
two plates.
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Figure 2: Bracing in the Faustino Conde guitar by a) the
given geometry and b) a simple model for analysis and for
the experimental setup. Braces 52 through b5 exist, the
central brace bc is an option. Mass m; represents the bridge
plus top plate, m2 represents the back plate, springs k; and k2
represent top plate braces, k» represents the spring force in
the back plate, and k. represents the coupling between the
two plates.

For identifying parameters relevant to sound tuning, given
spring forces are used relative to each other: k; = k(1+J) and



DAGA 2023 Hamburg

k> = k(1-0), ko = &k, ky, = k; + k». To solve for
eigenfrequencies via the exponential form

x; = A;e™ and ¥ = A%eM = %x;  (Eq.2)
and while employing mentioned tuning parameters, we
obtain

mA? + k(2 +§) —&k 26kR
det —&k my2? + &k + k, 0
26kR 0 JA% + 2kR?

=0 (Eq.3)

The bridge overhang, or, inversely, the relative attachment
point « = R/L comes into play via J = m*L?/3.

Eq. 3 delivers eigenfrequencies by numerical search, while
Eq. 1 is an executable form of the system which delivers
amplitudes for the various modes under investigation. Related
MATLAB code is hosted under Zenodo (Mores, 2020).

Note, that the analytical system only covers 7/ through 73,
while 74 is a rotational mode around the longitudinal axis of
the bridge and can be tuned separately, and rather
independently of modes 7'/ through 73.
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Figure 3: Numerical results for the three eigenfrequencies
versus bridge overhang i = R/L for (1+9)/(1-6) =1, 2, and 3,
according to Eq. 3. The varying coupling between top plate
and back plate, £=0.1, 0.5, and 0.9, is indicated in the bottom
graph and applies likewise to all graphs. The estimates for
the Conde guitar are u = 0.87, and (1+9)/(1-9) = 2, indicated
in the center graph (- -). The top graph represents symmetric
guitars. Here, modes do not couple. In asymmetric guitars,
modes couple strongly and their frequencies defer from each
other. Reprint form (Mores, 2021a).

A major finding is that the model fully explains the mutual
influence of mentioned tuning parameters to constitute one,
two or three major resonances in between 40 and A1, apart
from the lengthwise rotational mode of the bridge, 74, which

represents a separate case of tuning, not contained in Egs. 1
and 3.
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Fig. 3 shows that in guitars with symmetric bracing the modes
do not couple. In asymmetric guitars, however, the modes
couple with each other and the frequencies defer from each
other the stronger the asymmetry.

The existence of eigenfrequencies only means anything for
musical issues if the related modes come along with
appreciable power. Fig. 4 illustrates the amplitudes for the
system according to Eq. 1, while tapping and sensing are
modelled geometrically consistent with the measurements for
the bridge response in Fig. 1.
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Figure 4: Numerical results for tapping and sensing a guitar's
bridge at the treble side, yielding the power of the rotational
mode (thin) and of the anti-phase mode (thick) in relation to
the power of the common mode. Mass of the top plate and
bridge, m; = 0.13 kg, mass of the back plate m> = 0.2 kg,
spring property of the top plate, ks + k2 = 2k = 30000 N/m,
and the back plate k» = 45000 N/m. Power versus bridge
overhang u = R/L, for various degrees of coupling between
the plates, ko =&k, £=10.2 (°¢°), 0.6 (---), and 1.0 (—). Non-
black lines indicate the case of the back plate being tuned a
semi-tone (dark gray), or one tone (light gray) higher than
the top plate. The asymmetric model (top graph) uses k7 =
(1+0)k, and k2 = (1-9)k, and the symmetric guitar model
(bottom graph) uses k; = k2 = k for the two braces at the top
plate. Reference data of the Conde guitar taken from the
mobility measurement, power of anti-phase (V) and
rotational mode (A) in relation to common mode. Reprint
form (Mores, 2021a).

The observations with Fig. 4 are: with asymmetrical bracing,
the power of the rotational mode grows with an increasing
bridge overhang 1/u. The power of the anti-phase mode
depends on both, the coupling factor ¢ and the bridge
overhang u. Asymmetry asks for a minimum level of coupling
before the anti-phase mode starts to develop. With asymmetri-
cal bracing, and only there, cases of very strong suppression
of the anti-phase mode occur. This suggests knowledgeable
tuning, as tiny changes of u considerably leverage the power.
Finally, the more the plates are tuned apart, the more the
power of both modes declines relative to 7/, for both types of
bracings.



Application: extending the model

We now apply the model. The guitar from Conde came along
without a central brace, and so does the model. But most of
the guitars around have a central brace. The analytical model
can be extended for this general case. Fig. 2 indicates the
option of a central brace, and Eq. 1 is slightly modified,
m; 0 0\ /%

( 0 m, 0) ()
0 0 J/\¢

kl + kz + k3 + ka _ka (kz - kl)R xl
+ —k, kg + ky 0 <x2>
(kz - kl)R 0 (kl + kz)RZ (p
0
= (0) (Eq.4)
0

With k; = k(1+0), k> = k(1-0), k3 = k for the added central brace
be, ka =&k, ky = ki1 + k> + k3. and Eq. 2 Eq. 3 now reads,

mA% + k(3 +¢) —&k 26kR
det —&k myA? + &k + ky, 0
26kR 0 JA? + 2kR?

=0 (Eq.5)

With the notation above, we have introduced an additional
brace in the center, and, at the same time reduced the strength
of each of the three braces — in terms of spring constants k —
such that the total “stiffness” of the top equals the “stiffness”
of the back. As a result, the frequency variation for the
rotational mode versus u is lower. And secondly, the point of
matching frequencies for rotational and anti-phase mode
shifts from x = 0.58 to x = 0.72. This can be fully expected,
as the forces for rotation are lower while the total forces for
up-down-motion do not change.
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Figure 5: same as Fig. 3, but now according to Eq. 5.
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Fig. 6 now demonstrates power relations for the modes when
including the central brace, following Eq. 4 instead of Eq. 1.
The range for u is extended to cover the cases in the next
section.
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Figure 6: same as Fig. 4, but now according to Eq. 4,
including a central bar and k; + k2 + k3 = 2k = 30000 N/m,
and the back plate k» = 45000 N/m. The degrees of coupling
between the plates, ks = ¢ k, are £ = 0.2 (e*), 1.0 (---), and
1.8 (—).The guitars from Bernal and Pages are labelled for
anti-phase (vand o) and rotational mode (Aand x),
indicating the power in relation to the power of the common
mode.
Again, the zeros for the anti-phase motion and their location
along the u—axis are directed by the coupling strength & and
also by the asymmetry factor . With the central brace, there
is a considerable range for 1 where the amplitudes of all three
modes are high, if the guitar is rather symmetrically braced
(here top graph with (1+0)/ (1-6)=1.1) and the coupling is
strong between the plates.

This is just a brief demonstration of how to apply the model
for other bracing layouts. Other layouts, for instance with 5 or
7 braces, can be adopted by changing the weights across &,
while keeping their sum in balance with k.

Application: individual cases

Let us study a few examples from the recently published
archive for the acoustical documentation of classical guitars
(Mores, 2021b and 2022). We do not look at guitars with just
only two resonances, because it is always easy to match these,
while without a third mode the parameter ¢ is random. Guitars
with three modes are challenging when searching for an
agreement with the model.

Admittedly, there are enough parameters that could be varied
in either way to find matching sets. However, there are also
quite obvious boundary conditions to follow. The symmetry
is usually given in a certain range. Only few guitar models
recommend full symmetry, 0 = 0. Not only the braces but also
the strength of the top plate varies between treble side and
bass side, for instance typically from 2.0 mm to 2.2 mm in
flamenco guitars. Assuming (1+5)/ (1-0) = 1.1 as the lower
boundary seems to be fair for “symmetrical” guitars. The
upper boundary can be estimated from the difference of the
knocking tones on treble and bass side. The Conde guitar is
an example of an extremely asymmetric guitar with a 5%
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between knocking tones, corresponding to a measured
asymmetry, (1+0)/ (1-0) = 2. Guitars usually have not more
than a minor or major 3™ between knocking tones. (1+6)/ (1-
J) = 1.5 seems to be a representative assumption for
asymmetric guitars. Apart from knocking, the “spring
constants” can be measured on the two sides. The case of
asymmetry/symmetry can be read while comparing the bridge
responses from both sides. Factor ¢ is more difficult to
determine. However, starting with the boundary conditions
and some guess for factor J, the next steps are straightforward,
since the frequency relations are precise. Factor u can be
determined from frequency relation f73/f7;, because ¢ does not
really influence these two modes in the typical range of u.
Factor £ can then be determined by the relation f72/f7;.

For instance, the guitar of Valeriano Bernal, built in 1987, has
three strong resonances at 187 Hz, 221 Hz, and 255 Hz, which
match the cases of 77, 72, and 73, Fig. 7. The cases are
confirmed by co-interpreting the response for tapping at the
center of the bridge. Complete, detailed graphs to be found in
the archive (Mores 2020a).
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Figure 7: Bridge response of guitar,
Bernal in 1987.

build by Valeriano

The guitar seems not to be as extremely asymmetrical as the
investigated guitar from Conde. The relation of frequencies
for 73 and 77 suggests u = 0.96 (Fig. 5) and the relation of 72
to 71 returns &=~ 0.7. The amplitudes of related modes are
indicated at = 0.96 in Fig. 6, top graph. The relative power
of both modes is in the proximity of traces for £~ 1. The
model seems to apply fairly.

Another example, the guitar of Josef Pages, built in 1825, has
three strong resonances at 241 Hz, 361 Hz, and 434 Hz, see
Fig. 8.
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Figure 8: Bridge response of guitar, build by Josef Pages in
1825.

The frequency relations suggest a bridge overhang of 4 = 1.24
and £~ 1.8. Again, the amplitudes of related modes are
indicated at 4 =~ 1.24 in Fig. 6, bottom graph. The relative
power of both modes falls well in the proximity of traces for
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¢ = 1.8. The power relation of the anti-phase mode versus the
common-mode converges to -5dB in the model, the guitar has
-0.5dB. And the power relation of the rotational mode versus
the common-mode converges to -18dB in the model, the
guitar has -14dB (note that we consider the case of tapping on
the treble side). The model seems to apply well.

These are just two examples showing, that the model fairly
applies. From the few examples of guitars with three
resonances the two examples are quite different, the Bernal
guitar is what we call a modern guitar, and the Pages guitar is
an old and rather small guitar. Yet the model works for both.
The missing fidelity is fair, since the model does include only
the mass of the top plate but not the plate’s spring property.
The coupling between the plates is modelled with just one
simple factor only. However, the model is good to understand,
that the cases of having just one, or two, or three resonances
between A0 and A/ very much depends on delicate tuning of
the parameters fundamentally. For instance there will never
be three resonances in asymmetric guitars with weak plate
coupling. One can fall in the zeros trap by varying a given
parameter in the lower percentage range. Modes in
symmetrical guitars do not couple.
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