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Introduction

The Finite Element Method (FEM) has become a stan-
dard technique for the numerical evaluation of partial
differential equations (PDE). In acoustics, applications
of FEM include the computation of sound radiation and
wave-scattering problems. A significant challenge for this
numerical method is wave propagation into the free field.
The computation can only be performed to a finite ex-
tent, imposing artificial truncated boundaries. These call
for proper boundary conditions to obtain a well-posed
problem. Providing free-field boundary conditions would
require prior knowledge of the final solution, i.e., the ve-
locities and sound pressures of the inner sound field trav-
eling freely through the boundary. Hence, special treat-
ment is necessary to model free wave radiation.

Treatments to achieve open-domain-like boundary con-
ditions have been investigated thoroughly in literature.
See, e.g., [1] for developments in time-harmonic acous-
tics. Available methods include absorbing boundary con-
ditions (ABC), finite-to-infinite mappings (infinite ele-
ments), and perfectly matched layers (PML). The latter
technique is the subject of this work. In principle, a PML
is an artificial layer with special damping properties that
extends the computation domain. The damping property
must fulfill two characteristics: first, the impedance at
the interface between the propagation domain and layer
must match the free-field impedance. This property as-
sures that no reflections occur on this interface. Second,
a wave traveling outwards through the PML must be suf-
ficiently damped so that reflections from the layer’s outer
edge do not impact the sound field in the propagation do-
main. The following paragraphs merely describe an ex-
cerpt of developments on the PML method. A detailed
literature review can be found, e.g., in [2].

Bérenger was the first to introduce the PML, model-
ing free-field electromagnetic problems with the finite-
difference time-domain method [3]. This original PML
formulation splits the physical variables into nonphysi-
cal directional parts to achieve directed damping in only
one Cartesian direction. Chew et al. showed that the
splitting approach is equivalent to a complex stretch of
the respective coordinate in the frequency domain [4]
[5]. Collino and Monk later exploited this consideration
to develop a conformal PML, i.e., transform the PML
equations from Cartesian into curvilinear coordinates [6].
Today, these principles have been readily transferred to
other fields, e.g., time-harmonic acoustics, which we con-
sider in this paper.

The Cartesian-to-curvilinear transformation allows con-
structing a PML on arbitrarily-shaped, convex domain
boundaries. Performing the coordinate transformation
requires knowledge of several geometric properties on
the domain boundary, i.e., normal vectors, principal-
direction vectors, and principal curvatures. Such infor-
mation could be retrieved from a CAD (computer-aided
design) file describing the problem’s continuous geome-
try. Often, however, only a discrete mesh of the geome-
try is available. Bériot and Modave deal with this prob-
lem by combining the curvilinear PML implementation
with an automatic layer-generation algorithm [7]. The
authors name their approach Automatically Matched
Layer (AML). The layer-generation algorithm extrudes
the mesh into the surface-normal direction. The extru-
sion is performed at a constant depth so that the newly
defined mesh nodes lie on iso-value coordinate surfaces,
i.e., surfaces with a constant distance to the inner sur-
face. This algorithm assures that the generated layer has
a constant depth. The authors utilized the then-known
normal vectors to directly define a local curvilinear co-
ordinate system on the reference element. There, the
principal directions and curvatures are approximated via
spatial derivatives of the normal-vector flow with respect
to the local shape functions.

In this work, we implemented a slightly different
AML into our in-house open-source research software,
openCFS [8]. Here, we did not rely on a local curvilinear
coordinate system. Instead, we combined an automatic
layer-generation algorithm with the classic PML formu-
lation in global coordinates. As in [7], the layer is con-
structed iteratively. Every iteration adds one iso-value
surface to the outer boundary. We use the open-source
C++ library CGAL [9] to approximate the geometry on
every surface node utilizing a set of adjacent nodes. We
then use the finite-element nodal shape functions to in-
terpolate the data to a desired position. This way, the
polynomial degree used in the geometry approximation
is separated from the degree of the mesh.

This paper’s structure is as follows: the upcoming sec-
tion rehearses the derivation of the PML-Helmholtz equa-
tion in Cartesian coordinates and the transformation into
curvilinear coordinates. Subsequently, we consider the
automatic layer-generation algorithm, before we discuss
the data interpolation as a crucial task for implementing
the curvilinear PML equation. We then provide a mesh-
refinement study that proofs numerical convergence of
the implementation in a cylindrical domain and finally,
we discuss and conclude this paper.
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Perfectly-Matched Damping

The damping within a PML fulfills two properties: an
outwards-traveling wave is damped increasingly, and the
impedance on the interface matches that of a free field.
For flat boundaries, we achieve both properties via so-
called coordinate stretching into the outwards-normal
direction. This operation is equivalent to a coordinate
transformation & — é, where only the damped coordi-
nate becomes
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In (1), f(¢) = fog o(r) dr, and o(r) is an appropri-
ate damping function, e.g., the ’optimal’ inverse-distance
damping function introduced by Bermudez et al., o(r) =
5= where § is the depth of the layer [10]. Consider the
space-harmonic representation of a pressure wave, which
yields exponential damping into the stretched direction
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where k = [ky,..., kq] " is the wave-number vector. Note
that impedance matching is fulfilled as we define the ori-
gin & = 0 on the PML interface.

The Helmholtz Equation in an Arbitrary
Coordinate System

The Helmholtz equation describes time-harmonic sound-
wave propagation in R%. We consider the Helmholtz
equation for the acoustic sound pressure p in R3 Carte-
sian coordinates:

(A + k2) p(:c,w) = 7f((137LU). (3)
Here, A(-) = V- (V()) = Zle a;;g) is the Laplace oper-

ator, k = ¢ the acoustic wave numf)er, and f an inhomo-
geneous excitation. We want to transform (3) into arbi-
trary coordinates &(x), where the only space-dependent
operator in the equation is the Laplacian. Expressing the
transformed Laplacian via Cartesian derivatives yields
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where we imply Einstein’s convention to sum over the
indices 7, j, and k. Next, consider the Jacobi matrix

transforming x — §(x), given by J¢/, = gg? . Obviously,
J
%”2’: (32 = J~1J~T is the product of the transformation’s

inverse and inverse-transposed Jacobi matrix. [], h; =
det(J) is the product of the transformation’s eigenvalues,
i.e., the Jacobi determinant. We insert (4) in (3) and
obtain the transformed Helmholtz equation

V- (det(J) J'T~TVp) +det(J) k’p =0, (5)

where we set the right-hand side to zero for simplicity.
The weak form of (5) can be found as

/ (kv p + (J-TVv) (J~"Vp)]det(J)d2 =0, (6)
Q

where v denotes the test function, and a homoge-
neous Neumann boundary condition is implied. (6) rep-
resents our acoustic PML equation, where we insert the
coordinate-stretch Jacobi matrix and choose Q = Qpyr.-

PML in Curvilinear Coordinates

Using (1), we can directly obtain the Jacobi matrix for
a PML on a non-curved boundary that is orthogonal to
one of the Cartesian directions:

- hy 0 O
0% .
Jije =50 =0 ha 0, (7)
i 0 0 hs
where hy, = 1 + %;)7 only for the stretched di-
rection and hjzr = 1. Now, we extend this idea

to achieve perfectly-matched damping on arbitrarily-
oriented, convexly-curved boundaries. We exploit mul-
tiple coordinate transformations for this task, factorizing
their respective Jacobi matrices: Jz/, = Ji/é Jg/fJg/r.
Here, J¢/, transforms the equation into curvilinear co-
ordinates that are locally defined for every point on a
surface. The curvilinear base vectors are aligned with
the outwards-normal vector n and the principal-direction
vectors to, t3, i.e., the directions where the maximal and
minimal curvatures occur. The second transformation
Jgjels similar to (7). This operation performs a complex
coordinate stretch only into the surface-normal coordi-
nate. Finally, J £ transforms the stretched-curvilinear
system back into a stretched-Cartesian one.

To derive the curvilinear coordinate transformation, con-
sider a layer with constant depth around a convex do-
main. In that case we can express a specific position x
within the layer via its unique closest neighbor on the
interface, xrr. The distance-vector between these two
points is aligned with the surface normal. We define
the local curvilinear coordinates £ = [gl,gg,gg]T, where
& = ||l& — xrr|| is the Euclidean distance. &» and &3
define the surface’s slope into the principal directions.
Hence, we may write the parametrization

x(81,82,83) = T1r(§2,83) + E1n(€2, &3). (8)

Taking the derivatives of (8) w.r.t. the curvilinear coor-
dinates yields

gz _
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for i = 2,3. Note that ‘95% =t; and g—g = k;t;, where

k; > 0 is the minimal/maximal curvature at x;p. We
find the desired Jacobi matrix via J¢/, = (Jy¢) ",

1 0 0 n'
1
Jf/z =10 14+&1k2 (1) t; : (10)
0 0 1+&1k3 t3

Transforming from stretched-curvilinear into stretched-
Cartesian coordinates is straightforward:

1 O~ 0
Jg/g:[n ta ts}' 0 1+&k2 0 , (11)
0 0 1+§1/€3

where & is as defined in (1).
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This way, we arrive at our final, symmetric Jacobi matrix:

hiy 0 0 n'
Ji/z = [n tg tg] . 0 hg 0 . t;
0 0 hs t

=hin- n' + hits - t;— + hits - t;,—> (12)
1
hl =1+ 70(51)3
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, for i =2,3. (13)

Automatic Layer Generation

We implemented an automatic layer-generation algo-
rithm to ensure that the PML meets the conditions
for (8), i.e., it has a constant depth and is applied to
a convex domain. Additionally, we take the opportunity
to directly approximate the complete set of geometric
properties during the creation process.

The open-source C++ framework CGAL provides a
geometry-approximation kernel [9]. We applied CGAL’s
"Monge_via_jet_fitting’ class to fit so-called Monge forms
to the surface. The class permits a variable polynomial
degree of the fitting polynomial, d > 1, and the Monge
coefficients, 1 < d’ < min(d,4). We approximated the
nodal geometry employing N points in the n-ring neigh-
borhood, where we used the smallest n that includes
N > %Z(dm points.

Creating the new volume region, we use the computed
normal vectors to add new nodes at a fixed distance 6,,.
We define conforming volume elements based on the sur-
face’s mesh-connectivity list. We use hexahedrons on
rectangles and wedge elements on a triangle mesh.

Assembling the Jacobi Matrix

To implement the PML operation into the finite-
element software, we must determine the Jacobi ma-
trix (12) on every quadrature point of the integration
scheme. We utilize the nodal shape functions of the pro-
vided/generated mesh for this interpolation task with the
following considerations:

1. We can interpolate the principal curvatures without
further treatment.

2. Likely, the damping function o(§) or f(£) are not rep-
resentable via polynomials. Hence, we interpolate the
node-to-interface distances instead, determining o (&)
and f(§) directly on the integration point.

3. The direct interpolation of the curvilinear base vectors
is not physical, as they might vary discontinuously
in space. This fact is especially problematic on um-
bilical points, where ko = k3. Numerical deviations
in the geometry-approximation algorithm might cause
random rotation on the estimated tangential plane,
leading to erroneous results of the interpolation. We
avoid this problem by interpolating the dyadic prod-
ucts of (10) instead.
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Figure 1: Domains used in the convergency study. Red is the
propagation domain, blue the PML domain. Left: coarsest
mesh; right: second refinement step;

Numerical Convergence

We conducted a convergency study for the implemented
curvilinear PML formulation, including the automatic
mesh generation. The test example had the shape of
a hollow cylinder with height h = 0.2 m, inner radius
Ry = 0.5 m, and outer radius R = 1 m. We applied a
harmonic Dirichlet boundary condition p = 1 Pa to the
inner wall to investigate an outwards-propagating cylin-
der wave. Additionally, we used the layer-generation al-
gorithm to add PML of depth §pj;7, = 0.5 m to the outer
cylinder wall. We set the order of Monge coeflicients and
the approximation polynomial to d = d’ = 2.

We investigated seven mesh-refinement steps, ranging
from 44 to 92430 linear elements. Each refinement step
consisted in doubling the radial and circumferential in-
tersections. Figure 1 shows images of the coarsest mesh
and the second mesh-refinement step, i.e., d, = 1 and
d. = 3. We chose the frequency f = 165 Hz so that
dpymr = R is a quarter of the wavelength. As an error
measure, we exploited the relative Lo norm

\/fQ b—= pref dQ (14>

fsz Pref)?dQ’

where the integration was performed numerically, using
a fifth-order Gaussian integration scheme. The reference
pref is the analytical solution of a cylinder wave [11]:

H (kr)

HE (kRo)’ 15)

Pres(r) = p(Ro)

where HéQ) denotes the zeroth-order Hankel function of
the second kind, p the excitation amplitude, and Ry is
the radius of the oscillating cylinder. Figure 2 shows
the computed Ls-norm error over the mesh-refinement
steps. The following table lists the determined Lo errors
of each mesh-refinement step d,. The table also shows
the double-logarithmic slopes with respect to the degrees
of freedom and the mesh refinement:

dy Ep, 2 llggg ((fdi,i)) AA &igfi?é)))
1 6.554e-2 - N

2 1.259e-2 1.190 2.380

3 3.195e-3 0.989 1.978

4 8.044e-4 0.987 1.990

5 2.034e-4 0.992 1.984

6 5.142e-5 0.994 1.984

7 1.294e-5 0.994 1.999
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Figure 2: Convergence of the L2-norm error over 2% mesh-
refinements.

Discussion

The results yield a decreasing L2 -norm error of order
O(d;?), which corresponds to O(ngolf) as we only re-
fine in the radial and circumferential direction. The first
mesh-refinement step has a slightly steeper slope than
the rest, which may be explained by observing figure 1.
The coarse initial mesh does not represent the cylindri-
cal domain boundary well, thus introducing additional
approximation errors. Overall, the conducted test yields
the expected convergence rate over the range of 27 = 128
element intersections. This behavior indicates that the
PML implementation and the geometry approximation
work properly in the observed test scenario.

Conclusion and Outlook

In this work, we successfully implemented a Perfectly
Matched Layer (PML) in curvilinear coordinates for the
Helmholtz equation into our in-house open-source finite
element solver, openCFS [8]. The implementation in-
cludes an automatic layer-generation algorithm building
the layer upon a provided surface mesh. We exploited
the open-source C++ library CGAL [9] to approximate
the geometric properties of the domain boundary on-the-
fly during layer generation. The implementation is thus
expected to be an easy-to-use boundary treatment for
arbitrarily-shaped, convex domains.

In this paper, we recovered the essential theoretical as-
pects of a PML and its application to the Helmholtz
equation. In particular, we rehearsed the transformation
of the Helmholtz equation into an arbitrary coordinate
system and the derivation of the curvilinear-PML Jacobi
matrix. Additionally, we outlined the implemented layer-
generation algorithm and mentioned some practical notes
for the implementation. Eventually, we demonstrated the
proper numerical convergence of our implementation for
a cylindrical test example.

So far, the described PML is only implemented using
first-order hexahedral or wedge elements. Future work
can extend the implementation to quadratic or higher-
order grids. Additionally, more extensive numerical test-
ing is necessary. Such tests should cover convergency
studies for different regular and non-regular geometries.
Further, the curvilinear PML should be benchmarked
against other open-domain methods.
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