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Abstract
Acoustically absorbing materials such as acoustic foam
can be described by the equivalent fluid model. The ho-
mogenized fluid’s acoustic behavior is thereby described
by complex-valued, frequency-dependent material pa-
rameters (equivalent density and compression modulus).
In this case, convolution integrals of the material param-
eters and the acoustic pressure arise when the acoustic
wave equation is transformed from frequency to time
domain. We circumvent the direct calculation of these
integrals by introducing auxiliary differential equations
(ADEs), which are coupled to the wave equation accord-
ing to the ADE method. The set of coupled differen-
tial equations is solved using the finite element method
(FEM). The approach requires the equivalent fluid pa-
rameters to be modeled by a rational function repre-
senting the frequency-dependent material behavior (fre-
quency response function, FRF). Thereby, the order of
the FRF defines the number of additionally introduced
ADEs and auxiliary variables. For the sake of simplicity,
the formulation’s derivation is presented for FRFs con-
sisting of only one real pole. The passivity of the porous
material is demonstrated, and it is validated against
a frequency-domain simluation in openCFS based on a
two-dimensional duct containing an equivalent fluid.

Introduction
The equivalent fluid model is commonly used in compu-
tational acoustics to consider porous absorbing material.
It is, in particular applied to model non-locally react-
ing materials, which can not be described appropriately
by impedance boundary conditions. For both modeling
approaches, the dependency on the frequency of the ma-
terial parameters entails convolution integrals in the time
domain. Numerous approaches to deal with the arising
convolutions in a time domain impedance boundary con-
dition (TDBC) emerged in recent years. The strategies
for the solution of the convolution integrals can be clas-
sified into methods based on the z-transform, recursive
convolution, and auxiliary differential equation (ADE)
methods [1]. In contrast, few time domain formulations
of equivalent fluid (TDEF) formulations exist. The ma-
jority of the formulations are solving the Euler equations
[2, 3, 4, 5]. Only Yoshida et. al. presented a TDEF based
on the acoustic wave equation with the advantage of hav-
ing only one scalar unknown [6]. The formulation uses
the ADE method and, thus solves auxiliary differential
equations rather than directly computing the convolution
integrals. We propose a similar approach with the differ-
ence of directly coupling the ADEs with the wave equa-
tion instead of solving the ADEs with an external solver,
enabling a straightforward implementation into existing
FE frameworks. Moreover, the rational functions rep-

resenting the equivalent fluid are not normalized by the
material parameters of air in the present work.

Theory
We start from the Helmholtz equation for inhomogeneous
media for an equivalent fluid (marked by the index eq)

ω2

K̂eq

p̂a +∇ ·
(

1

ρ̂eq
∇p̂a

)
= 0 , (1)

characterized by the divergence of the reciprocal of the
Fourier transform of the equivalent density ρ̂eq = F (ρeq),
where F denotes the Fourier transformation. The second
equivalent fluid parameter is the Fourier transform of the
compression modulus K̂eq = F (Keq) and p̂a denotes the
Fourier transform of the acoustic pressure defined as p̂a =
F (pa).

Since both equivalent fluid parameters are frequency de-
pendent, convolution integrals arise when transforming
(1) into the time domain. The wave equation then reads

1

Keq
∗ p̈a −∇ ·

(
1

ρeq
∗ ∇pa

)
= 0 , (2)

where ∗ denotes the convolution. The reciprocal of the
frequency-dependent material parameters, namely the
compressibility Ĉeq and specific volume v̂eq, are approx-
imated by rational functions
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, (4)

with NC and Nv real poles accounting for a damped
response and MC and Mv complex conjugated pole pairs
reflecting an oscillatory response. The inverse Fourier
transforms of these frequency response functions (FRFs)
read

Ceq(t) = F−1
(
Ĉeq

)
= C∞δ(t) +

NC∑
j=1

ACj e
−αCj tH(t)

+
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C
j t
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)
+ CCj sin
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γCj t

)]
H(t) (5)
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and

veq(t) = F−1 (v̂eq) = v∞δ(t) +
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−αvj tH(t)

+
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v
j t
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Bvj cos

(
γvj t
)

+ Cvj sin
(
γvj t
)]

H(t) (6)

with δ(t) and H(t) being the Dirac and Heaviside func-
tions, respectively. Hereby, it should be noted that the
number of poles (i.e., order of the approximation) defines
the accuracy of the approximation and, subsequently
the number of auxiliary variables (additional unknowns),
which will be introduced in the formulation. For the sake
of simplicity, the formulation is derived for only one real
pole (NC = Nv = 1, MC = Mv = 0) in the following.

Inserting (5) and (6) into (2) yields the final form of the
wave equation for the TDEF formulation

C∞
∂2

∂t2
pa +ACΦ−∇ · [v∞∇pa +AvΨ] = 0 , (7)

where Φ is the accumulator variable for the equivalent
compressibility defined as

Φ(t) =

∫ t

−∞

∂2

∂t2
pa(τ)e−α

C(t−τ)dτ (8)

and Ψ, the vector accumulator variable for the equivalent
specific volume defined as

Ψ(t) =

∫ t

−∞
∇pa(τ)e−α

v(t−τ)dτ . (9)

According to the ADE method, (8) and (9) are derived
with respect to time to obtain the ADEs

∂Φ

∂t
+ αCΦ =

∂2

∂t2
pa (10)

and
∂Ψ

∂t
+ αvΨv = ∇pa . (11)

The divergence in (7) allows to introduce a potential ζ
for the second auxiliary variable defined by Ψ = ∇ζ.
Therewith, the final modified wave equation becomes

C∞p̈
a + ACΦ − ∇ · [v∞∇pa +Av∇ζ] = 0 (12)

with the set of ADEs

Φ̇ + αCΦ− p̈a = 0 (13a)

ζ̇ + αvζ − pa = 0 , (13b)

where the time derivative is denoted by the dots. At this
point, it should be noted that because of NC = Nv = 1
in (3) and (4), only one ADE arises for each FRF. For
a general case, N = NC +Nv + 2MC + 2Mv additional
unknowns, i.e. N auxiliary differential equations would
emerge. The required number of poles depends on the
FRF itself and the frequency range of interest.

The weak form of an interface problem consisting of an
air domain Ω0 and an equivalent fluid domain Ω1 (Fig. 1)
is derived by multiplying (12) and (13) by the test func-
tions p′,Φ′, and ζ ′, integrating over the domain Ω and
applying the divergence theorem to the divergence terms.
Exploiting the continuity of the normal component of the

Figure 1: Computational domain consisting of (undamped)
air Ω0 and an equivalent fluid Ω1 with interface ΓIF and outer
boundary Γa.

particle velocity

1

ρ0
∇pa · n = [v∞∇pa +Av∇ζ] · n (14)

on the interface ΓIF yields

∫
Ω0

1

K0
p′p̈a dΩ

︸ ︷︷ ︸
p′Mpp,0p̈a

+

∫
Ω0

1

ρ0
∇p′ · ∇pa dΩ

︸ ︷︷ ︸
p′Kpp,0pa

+

∫
Ω1

C∞p
′p̈a dΩ

︸ ︷︷ ︸
p′Mpp,1p̈a

+

∫
Ω1

ACp′Φ dΩ

︸ ︷︷ ︸
p′KpΦΦ

+

∫
Ω1

ρ∞∇p′ · ∇pa dΩ

︸ ︷︷ ︸
p′Kpp,1pa

+

∫
Ω1

Av∇p′ · ∇ζ dΩ

︸ ︷︷ ︸
p′Kpζζ

= 0 (15)

with weak forms of the ADEs

∫
Ω1

Φ′Φ̇ dΩ

︸ ︷︷ ︸
Φ′CΦΦΦ̇

+

∫
Ω1

αCΦ′Φ dΩ

︸ ︷︷ ︸
Φ′KΦΦ

−
∫
Ω1

Φ′p̈a dΩ

︸ ︷︷ ︸
Φ′MΦpp̈a

= 0 (16)

and ∫
Ω1

ζ ′ζ̇ dΩ

︸ ︷︷ ︸
ζ′Cζζ ζ̇

+

∫
Ω1

αvζ ′ζ dΩ

︸ ︷︷ ︸
ζ′Kζζζ

−
∫
Ω1

ζ ′p dΩ

︸ ︷︷ ︸
ζ′Kζppa

= 0 , (17)

when the sound-hard boundary condition va ·n = 0 is im-
posed on Γa in (15). In the air domain Ω0, the standard
constant acoustic material parameter, namely the com-
pression modulus K0 and mean density ρ0, are used. By
applying Galerkin’s method, we arrive at the FE system
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of equations Mpp 0 0
MΦp 0 0
0 0 0


︸ ︷︷ ︸

M

 p̈a

Φ̈

ζ̈

+

 0 0 0
0 CΦΦ 0
0 0 Cζζ


︸ ︷︷ ︸

C

 ṗa

Φ̇

ζ̇



+

 Kpp KpΦ Kpζ

0 KΦΦ 0
Kζp 0 Kζζ


︸ ︷︷ ︸

K

 pa

Φ
ζ

 = f , (18)

where pa, Φ, and ζ collect the degrees of freedom of the
acoustic pressure, and the two auxiliary variables, respec-
tively. A potential forcing term is represented by f , which
would be obtained, for instance, by a non-homogenous
Dirichlet or Neuman boundary condition. The formula-
tion was implemented in NGSolve using Lagrangian finite
elements [7].

Validation
The validation of the formulation is performed in two test
cases. First, the passivity of the material is assessed, and
second, the validation against a harmonic simulation is
conducted. For both cases, a two-dimensional duct, par-
tially filled with a fictitious porous material as depicted
in Fig. 2, is considered. The duct has a total length of 3 m

Figure 2: Two-dimensional simulation setup representing a
duct partially filled with a porous absorbing material.

consisting of two air sections separated by the equivalent
fluid. Each of the three sections has a length of 1 m and
is discretized by 100 linear elements in length and one el-
ement in span-wise direction. This resolves the acoustic
wave at fexc = 1 kHz in the air domain by approximately
35 elements. The material parameters of the fictitious
porous material, i.e., the equivalent compressibility and
the equivalent specific volume, are derived from Yoshida
et. al. [6] and depicted in Fig. 3. The corresponding FRF

Figure 3: Real (red) and imaginary parts (blue) of the fre-
quency response functions of the equivalent compressibility
Ĉeq(f) (left) and equivalent specific volume v̂eq(f) (right) as
a function of frequency.

parameters (poles, residues, and high-frequency limit) ac-
cording to (3) and (4) are listed in Tab. 1 and 2. The
modification (reduced number of poles) results in lower

Table 1: Residues AC
k , poles αC

k , and constant C∞ for the

FRF of the equivalent compressibility Ĉeq(ω).

k AC
k ( s

Pa ) αC
k ( 1

s )

1 3.30e-1 591390
2 1.37e-2 37500
C∞ 6.59e-6 −

Table 2: Residues Av
k, poles αv

k, and constant v∞ for the
FRF of the equivalent specific volume v̂eq(ω).

k Av
k ( m3

kg s ) αv
k ( 1

s )

1 −13397.8 84764
2 −5110.5 21687
v∞ 0.77 −

damping and, thus, allows a better analysis of the wave
propagation inside the equivalent fluid.

An important characteristic of a time-domain formula-
tion of an absorber is passivity, which must be ensured
in the fitting process of the FRF parameters. The am-
plitude of acoustic wave propagation through the equiva-
lent fluid domain must decay, i.e., the energy must decay.
This characteristic is demonstrated by the first test case
where an initial sinusoidal wave pulse

pa(t = 0) =

{
1− cos

(
2πx
λ0

)
for x ≤ λ0

0 else
(19)

and

ṗa(t = 0) =

{
−2πfexc sin

(
2πx
λ0

)
for x ≤ λ0

0 else
(20)

with λ0 = c0
fexc

and fexc = 1 kHz is prescribed in the

air domain. The duct is considered closed (sound-hard)
at both ends. The time step size was ∆t = 2µs and
8000 time steps were computed. Thus, no acoustic en-
ergy can leave the duct and can only be dissipated in
the equivalent fluid region. The wave propagation in the
first 0.028 s is depicted in Fig. 4 by means of a waterfall
diagram. The diagram shows that the pulse is partially
reflected at the interface (dashed red line). Due to the
lower speed of sound in the equivalent fluid, the wave-
length of the pulse is smaller and the amplitude higher.
Furthermore, we can observe the expected amplitude de-
cay inside the damped acoustic domain. To demonstrate
the decay of energy inside the closed duct, the RMS of
the acoustic pressure along the duct length is plotted
in Fig. 5 over the simulation time because the acoustic
energy inside the equivalent fluid domain is not straight-
forward to compute. It shows that the amplitude of the
acoustic pressure tends towards zero for long simulation
times.

In the second validation example, an infinitely long duct

DAGA 2023 Hamburg

1025



Figure 4: Evolution of the pressure for the first 0.028s with
the interlace indicated by the red dashed line.

Figure 5: Temporal decay of the (spatial) RMS of the acous-
tic pressure.

is considered. This is achieved by applying an absorb-
ing boundary condition at the right end of the duct
(x = 33 m). At the left end (x = 0), a harmonic pressure
fluctuation with fexc = 1 kHz is prescribed. This setup
allows using a harmonic analysis performed in openCFS
as a reference solution [8]. The complex equivalent com-
pression modulus and density required are obtained as
the reciprocal values of the FRFs at the excitation fre-
quency fexc = 1 kHz (marked in Fig. 3).

In Fig. 6, the solution of the transient TDEF formula-
tion is displayed at specific time instances at multiples of
the oscillation period T = 1/fexc where the phase angle
agrees with the harmonic reference solution. The com-

Figure 6: Temporal evolution of the acoustic pressure for
harmonic excitation and comparison with time-harmonic sim-
ulation (reference).

parison with the reference reveals some transient behav-
ior until about t = 10.2T . After about 18 periods, the
transient simulation matches the harmonic result already
well.

Conclusions
A finite element formulation of the equivalent fluid model
was derived in the time domain. The direct computation
of the arising convolution integrals is circumvented by
introducing memory variables and auxiliary differential
equations according to the ADE method. This approach
requires approximating the frequency-dependent mate-
rial parameters, namely the equivalent compressibility
and specific volume (reciprocal of the equivalent density)
by rational functions. The order of the approximation
thereby defines the number of additional unknowns in-
troduced by the ADE method. The formulation was ap-
plied to a two-dimensional duct partially filled with a
porous absorber to demonstrate passivity. Furthermore,
the formulation was validated against a frequency do-
main simulation performed in openCFS.
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