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Introduction

When modelling virtual acoustic environments for re-
search applications it is essential to provide a proper
source description. Such a description has to include
both the signal contents but also the directivity of the
source. In the ideal case the description allows for a time
varying directivity due to e.g. movement of a speakers
head. In addition the implementation of such a source
description should be compatible with the approach used
for simulating the environment. The idea behind the pre-
sented paper is to formulate a complex original source
(OS) by a number of equivalent sources (ES) such as
simple monopoles. To allow for time varying properties
a time domain formulation is needed.

Theory
The Equivalent Source Method

The ES method was developed for different practical ap-
plications, focusing mainly on the radiation from struc-
tures (e.g. [1]). The method is based on the idea of
approximating a sound field inside a given volume V by
sources ¢; placed outside this volume which must fulfil
the given boundary conditions on the surface S. The ES
can be of any source type, as long as they are solutions
to the wave equation. However in such an approach the
boundary conditions cannot be fulfilled exactly over the
entire surface S of the radiator, and various approaches
have been suggested with respect to the choice of the
of the ES and the approach to determine their ampli-
tudes (e.g. the collocation method in which the bound-
ary conditions are fulfilled exactly in a discrete number of
surface points, or methods minimising the least squares
difference, in an energy sense, over the surface [2]). In
contrary to most of the existing literature in the follow-
ing an ES formulation in the time domain is used. This
was for the first time suggested by Kropp and Svensson
[3] who used monopole sources as ES. The simplicity of
the involved Green's functions (i.e. just Dirac pulses for
pressure and the first derivatives of Dirac functions for
velocity) and the relatively straight forward implementa-
tion makes this approach very attractive.

In the following the starting point is that a set of cor-
rectly determined ES will be able to describe the radiated
far-field pressure in the volume V correctly. Observing
the pressure field from the OS in a sufficient number of
points should allow for correctly determining correct the
amplitudes of the ES.
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The pressure p at a time ¢ in a position m is given as a
superposition of the field created by each ES ¢;(t) as

I
() = D ai(t) * him(t) (1)
i=1

where h; () is the Green's function or impulse response
function( IR) between the source position i and the re-
ceiving position m. The Green's function includes both
the properties of the ES and the surrounding space. This
would mean that also non-anechoic conditions could be
considered if the Green's functions would be available ei-
ther by measurements or calculations. In the following
however, the free-field conditions are assumed and only
monopole sources are used as ES. In this case the Green's
functions are

1
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him(t) = -

(2)

Tim
with ¢ being the speed of sound in the medium and r the
distance between source and receiver position.

The task is now to determine the I unknown sources
signals out of pressure signals in M observation points
where M has to be at least or bigger than I. Such in-
verse problems are normally formulated in the frequency
domain. They are well known to be ill-posed and have
been shown to be sensitive to measurement noise (see
e.g. [5]). Usually, the robustness of such solutions has
to be improved by applying some form of regularization.
One typical attempt to cure problems is to create an
over-determined equation system and use truncated sin-
gular value decomposition. Here a different path is cho-
sen based on the Least Mean Square (LMS) algorithm.
This allows to stay in the time domain and has clear ad-
vantages with respect to the robustness of the solutions.

The LMS Algortihm

The LMS algorithm is used as a standard tool in filter
design. The algorithm as used in the following has been
presented by Widrow and Hoff in 1960 [6] and was the
basis for their work with neural networks and machine
learning. A desired filter is approximated by determining
the filter coefficients so that it results in the least mean
square of the error signal e, i.e. the difference between a
desired ag and the actual signal observed. At each time
step the LMS algorithm follows the steepest gradient in
order to minimise this error. The result converges to the



optimal filter, the so-called Wiener-Hopf filter. Figure
1 shows a typical situation where the output aq(n) of a
system described by the IRF h, should be reconstructed
by a filter h with Iz coefficients.

Figure 1: Typical task for filter design with = as input signal,
ho the desired impulse response function of the filter, h the
designed filter and e the error between desired signal aq and
the signal created by the filter h.

Widrow and Hoff showed that at each time step n the
gradient can be calculated as e(n)x(n — ) which leads to
an adaptive process where

h(n +1) = h(n) + 2ae(n)x” (n). (3)
« is the step size following the gradient in the adaptive
process for calculating the filter coefficients. To ensure
stability Widrow suggested in [6] that the step size has
to obey the condition

1
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where E[x(n)?] is the mean square value of the reference
signal and Np the number of filter coefficients.

Determining the ES Source Signals by us-
ing the LMS Algorithm

As the convolution is a commutative operation it only
needs minor modifications to apply the LMS for identi-
fying the input signal . In Figure 1 one exchanges the
places of x(n) and h, i.e. make h to the input and x(n) to
the function to be updated. After this one has to replace
x(n) by q(n). The same has to be done for Equation (3)
to (4). The main difference is that h(n) is of finite length
and always used completely. This has two consequences.

Firstly, the reconstructed signal x(n) is erroneous as long
as n is smaller than the length of h. Consequently, the
length of the desired/observed signal aq(n) has to be at
least twice the number of coefficients of h to capture the
response to an excitation completely at least once.

Secondly, the time iterative process might be too short to
converge to a sufficient accurate result due to the finite
length of the IRs as input signals. Therefore the process
is repeated multiple times using the result of q of the pre-
vious run as start values. The number N; of repetitions
has been chosen sufficient high to achieve convergence in
the iterative process.

The situation in the case considered here, however, in-
cludes an additional complexity as it is not a single input
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- single output system but has multiple inputs (the IRs
between the ES and the observation positions) and multi-
ple outputs (i.e. the signals at the observation positions).
Such a system has been treated in [9] and [10]. There it
is shown that the iterative updating can be done for each
source separately with its individual gradient obtained as
average gradients obtained at all observation positions m.

1 M
qi(n + 1) = qi(n) + QM mz_:l amem(n)hm i (5)

The implementation of the approach is rather simple re-
sulting in just a few lines of code which also is a strength
of the LMS algorithm. The number of observation posi-
tions M has to be at least as big as the number of un-
known ES signals I, but the robustness of the algorithm
increases when choosing M > I, i.e. an overdetermined
system is considered.

The advantages to use the LMS algorithm to determine
the unknown signals of the ES are

e that it does not demand a matrix inversion and
therefore the solution becomes more robust in the
case of low SNR and ill-conditioned systems

that the gradient is determined by the absolute error
e(n). This means that the error due to strong com-
ponents in the signals governs the gradient rather
than weak components. This circumstance makes
the algorithm very robust with respect to back-
ground noise.

it is a time domain formulation which also would
allow for describing time variant source properties
(e.g. movement of the head of a speaker)

finally by providing the time signal for each source
of the ES both the correct time signal from a source
as well as the directivity is captured automatically.

Implementation and Validation

In the following the approach is demonstrated and val-
idated both numerically and experimentally. For this
anechoic conditions are assumed, although the suggested
method is not limited to such a situation, but can be ap-
plied to any situation as long as IRs h; ,,, can be obtained
between the ES positions and the observation positions.
A setup is chosen consisting of a cloud of observation po-
sitions (i.e. microphone positions). The positions were
arbitrarily distributed in a distance between 1 and 3 m
from the OS besides the position 17 which was placed
in the vicinity of the OS. This position is used in the
experimental part as reference microphone. For the ex-
perimental part a set of low price but calibrated free-field
microphones were used. The exact position of the micro-
phones is determined in an iterative process using four
additional loudspeakers in order to set up a cartesian co-
ordinate system. The delay times between loudspeakers
and observation positions are used for determining the
positions of the microphones. Due to limited space the
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reader might be referred to personal communication with
the author for further details on this procedure.

Numerical validation of the approach

For the numerical simulation a source configuration con-
sisting of monopoles is chosen as OS which then is ap-
proximated by a set of ES. As OS three monopoles are
situated along the x-axis. Two sources (@ and Q3) are
placed symmetrically in the distance of 0.5 ¢cm on each
side of the assumed OS centre. The third source (Q2) is
situated directly in the source centre. The amplitudes of
@1 and Q3 are fixed to 0.5 and —0.5 respectively. The
amplitude of Q5 is varied to create different directivities
varying between a dipole directivity (Q2 very small) and
a monopole directivity (Q2 big in comparison to Q1 3).
IRs are calculated for each monopole according to (2).

As ES 12 monopoles are used, 4 along the x-axis, the
y-axis and the z-axis respectively. These monopoles are
situated at the distance of £5 cm and +1.75 cm to the
assumed source center. As source signal for the OS a
single pulse is used. Only frequencies up to 4 kHz are
considered by applying a lowpass filter to the source sig-
nal.

In order to test the method four different amplitudes for
Q2 are chosen (Q2 = 5,0.1,0.01,0.001). Figure 2 shows
the results for the simulations as the sound pressure levels
at the microphones positions due to the OS. As settings
for the LMS algorithm the step size a was chosen to 0.5
of the maximum value of @ and the number of repetitions
Ny of the iterations process is 100. At the microphone
positions the rms values of the simulated signals are cal-
culated. For the case of Q2 = 5 representing a monopole
the calculated sound pressure levels over microphone po-
sitions varies in the order of about 10 dB is due to the
different distance of the microphone positions to the po-
sition of the OS.
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Figure 2: Normalised sound pressure levels at the micro-
phone positions.

With smaller values of the source amplitude Q5 the vari-
ation of the pressure levels increases and for very small
amplitudes the variation in the observed levels is almost
50 dB due to the strong dipole directivity of the OS.
Figure 3 shows that in this case for the positions with
weak signals the error can be up to 13 dB. This can be
improved by increasing the number of repetitions. For
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Figure 3: Error in dB in the reconstruction of the sound
field at the microphone positions.

16000 repetitions the error is smaller than 3 dB in all
positions and the directivities created by the ES agree
well with the one of the OS. As example the most crit-
ical situation with a strong dipole characteristics of the
OS is shown in Figure 4.
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Figure 4: Comparison of the directivity for the Dipole cre-
ated by the OS (left) and the dipole approximated by the ES
(right) based on the LMS algorithm

Experimental validation of the approach

The previously described setup is also used for the ex-
perimental validation. In the experiment the OS is a
loudspeaker element (see Figure 5) which can be rotated
around the axis as shown in the Figure.

Figure 5: Loudspeaker element used as OS in the experi-
mental setup

For this element a strong dipole characteristics is ex-
pected at least at low and middle frequencies. Figure
5 shows the resulting directivities created by the ES for
different third octave bands. It turned out that only
at frequencies above 400 Hz the directivities (examples



in the red triangle) give the expected results. At low
frequencies the signal to noise ratio (SNR) at the micro-
phones was insufficient, i.e. the signals disappeared in
the background noise. Therefore it was more difficult to
capture the minima in the observed sound field properly.
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Figure 6: Directivities created by the ES based on the mea-
sured sound pressure signals in the anechoic chamber for se-
lected third octave bands. The element is positioned verti-
cally.

As a consequence the observed directivity appeared
rather as a monopole than as a dipole. This is not a
consequence of the approach but just requires improved
quality of the measurements at lower frequencies. The
comparison of the measured sound pressure levels at the
reference microphone in the vicinity of the OS shows a
good agreement for frequencies above 400 Hz even when
the element is positioned horizontally and the pressure
at the microphone is rather weak. At high frequencies
the directivity becomes more complicated and the num-
ber of observation positions as well as ES might become
insufficient.
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Figure 7: Comparison of the measured sound pressure levels
from the OS and calculated levels from the ES at the reference
microphone in third octave bands (both are uncalibrated).
For 0 degrees the OS is positioned horizontally, for 90 degrees
the position is vertically.

Conclusions

An ES approach in the time domain for determining
source signals including source directivity has been for-
mulated. It allows for reconstructing both amplitude
and phase of the original source by a set of equivalent
sources. In the simulations the functioning of the ap-
proach has been shown to work well. The simulations al-
low for studying the influence of crucial parameters such
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as ES configuration, SNR or number of microphones and
their positioning, although such results are not shown
here. The approach has also been demonstrated in mea-
surements. In this case the quality of the results were
limited by a too low SNR at low frequencies. The ap-
proach will be extended to make it more robust with
respect to SNR in order to be applicable to describe ar-
bitrary sources such as mobile phones, human speakers,
keyboard typing
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