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Introduction
In problems that require different spatial resolutions, el-
ement sizes may highly differ. Nonconforming interfaces
(NCI) exploit this property to effectively reduce degrees
of freedom (DOFs) without the need for strongly dis-
torted elements. Their use can decrease the computa-
tional cost for these kinds of problems while maintaining
a highly accurate scheme, see e.g. [5]. The advantages
mentioned above come at the price of hanging nodes and
discontinuities at the NCI. Different methods exist to
overcome this issue.
Projection-based methods such as the Mortar method,
first introduced by Bernadi et al. [1], typically cou-
ple nonconforming domains using a Lagrange multiplier.
Therefore, the method introduces additional DOFs at the
interface.
An intuitive idea to tackle the problem is to use an
interpolation-based method. A sophisticated representa-
tive of these methods is called INTERNODES (INTER-
polation for NOnconforming DEcompositionS) [2]. IN-
TERNODES uses two interpolations: An interpolation
from the slave to the master side ensures the continuity
of the primal variable; a second interpolation from the
master to the slave side ensures continuity of the normal
flux.
Eventually, Nitsche-type methods ensure continuity over
nonconforming meshes by evaluating suitable numerical
fluxes on master and slave elements in the corresponding
integration points. The name originates from the publi-
cation by Nitsche [10], in which boundary conditions are
treated in the weak form.
As the name suggests, discontinuous Galerkin (DG)
methods are discontinuous by nature. The use of numer-
ical fluxes introduces inter-element coupling. This can
be seen as a Nitsche-type coupling on the element level,
and thus numerical fluxes of DG methods are obvious
choices for interface conditions. Literature has different
choices for the numerical fluxes for the acoustic conserva-
tion laws. At DAGA 2021, we compared frequently used
numerical fluxes [3]. In doing so, Lax–Friedrichs fluxes
(used e.g. in [9, 4, 6]) turned out to be superior over
local discontinuous Galerkin (LDG) fluxes (used e.g. in
[13]). Even though both choices of the fluxes yield op-
timal spatial rates of convergence, Lax–Friedrichs fluxes
lead to smaller errors in space and are less prone to in-
stabilities [3]. Hence, we assume that these fluxes are
perfectly suited as interface conditions as well.
Our implementations are based on the finite elemente li-
brary NGSolve [11]. We use assembly-free operator appli-
cations, and thus, the method renders memory efficiency

and is ideal for state-of-the-art hardware [7].
Within this work, we provide a nonconforming DG for-
mulation for the acoustic conservation laws. We focus on
some implementational details, the properties of the DG
method in this setting, accompanied by a corresponding
spatial convergence study.

Governing Equations
In a d dimensional domain Ω ⊂ Rd and during a time
interval [0, T ] the acoustic conservation laws read

ρ
∂u

∂t
+∇p = 0 in Ω× [0, T ], (1)

1

c2
∂p

∂t
+ ρ∇ · u = f in Ω× [0, T ], (2)

p = gp on ∂Ωp, (3)

where p and u denote the acoustic pressure and the
acoustic particle velocity, respectively. c and ρ are the
speed of sound and the density of the underlying mate-
rial. For simplicity we exclusively apply pressure Dirich-
let boundary conditions (BCs) throughout this work.

Spatial Discretization
The presented method is an extension to the conformal
DG method used in [3]. The computational domain Ωh
consists of non-overlapping elements e. Element e has a
volume of Ωe and is bounded by ∂Ωe. Elements are not
required to be conformal, and each facet connected to an
NCI is denoted with ΓeNCI. The set of broken polynomial
spaces Vh is not affected by the relaxation of conformity

Vuh =
{
uh ∈ [L2(Ωh)]d : uh|Ωe ∈ [Pku(Ωe)]d,∀e

}
, (4)

Vph =
{
ph ∈ L2(Ωh) : ph|Ωe ∈ Pkp(Ωe),∀e

}
. (5)

Here Pk is the space of the used polynomial functions of
order k. uh and ph are the discrete approximations of
the acoustic particle velocity and the acoustic pressure.
Using corresponding test functions wh and qh we can
state the same semi discrete system already shown in [3](

wh,
∂uh
∂t

)
Ωe

−
(

1

ρ
∇ ·wh, ph

)
Ωe

+

(
1

ρ
wh · n, p∗h

)
∂Ωe

= 0 ∀wh ∈ Vuh ,
(6)

(
qh,

∂ph
∂t

)
Ωe

−
(
ρc2∇qh,uh

)
Ωe

+
(
ρc2qh · n,u∗h

)
∂Ωe =

(
c2qh, f

)
Ωe ∀qh ∈ Vph.

(7)

Here (·, ·)T denote inner products, integrated over T and
the superscript ∗ indicates a numerical flux which orig-
inates form an integration by parts. In contrast to the
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Figure 1: Mapping of an integration point ξ−, associated to
the master element e−i to the integration point ξ+ associated
with the nonconformingly connected slave element e+i .

conforming formulation we have to treat nonconforming
boundaries in a special way. For this we split the surface
terms

(·, ·)∂Ωe = (·, ·)∂Ωe\Γe
NCI

+ (·, ·)Γe
NCI

. (8)

Within the following we pay special attention to the in-
tegrals on the NCI. Note, that even though there exist
simpler notations, the following also holds true on ele-
ment facets which are not connected to a NCI. The stan-
dard approach to compute the integrals is to use Gauss
quadrature on a reference element ê. The test and trial
functions have to be evaluated in corresponding integra-
tion points ξ. We introduce a bidirectional mapping be-
tween integration points ξ on the reference element ê and
the corresponding physical coodinate x on the deformed
element as shown in Fig. 1

ϕ :

{
ei → ê
x 7→ ξ = ϕ(x, ei)

;ϕ−1 :

{
ê→ ei
ξ 7→ x = ϕ−1(ξ, ei)

. (9)

The numerical flux introduces a coupling between ele-
ments, and thus the master and connected slave elements
have to be taken into account. The master elements are
denoted with the superscript − while slave elements are
denoted with superscript +. In conforming methods, the
physical coordinates x, associated with the integration
points, are equivalent

ϕ−1(ξ, e−i ) = ϕ−1(ξ, e+
i ). (10)

This is not the case if elements are connected via an NCI.
Trial functions on the slave element have to be evaluated
in integration points associated with the same physical
coordinates as those of the master element. Our nota-
tion is written in an element-wise fashion. Thus, we do
not have to care for integrations taking place at slave ele-
ments; within the notation, each element is considered a
master and slave element once. Therefore, we can explic-
itly state that an arbitrary physical flux F∗h is a function
of arbitrary quantities b, all evaluated at the same phys-
ical coordinates x = ϕ−1(ξ, e−i )

F∗h = F∗h
(
b−(x), b+(ϕ−1[ϕ(x, e+

i ), e+
i ])
)

(11)

Numerical Flux and Interface Condition
As mentioned before, we use Lax–Friedrichs fluxes as nu-
merical fluxes and to couple nonconforming regions. El-
ements are never overlapping and hence the normal vec-
tor on element-facets are n = n− = n+. For readability

an averaging operator {{a}} = a−+a+

2 and jump opera-
tor JaK = (a− − a+)Tn are defined for a scalar or vecto-
rial quantity a. Using this notation, the Lax–Friedrichs
fluxes read

p∗h = {{ph}}+ τ JuhK , (12)

u∗h = {{uh}}+ γ JphK , (13)

where the penalty parameters τ and γ are defined as τ =
ρc
2 and γ = 1

2ρc , see [8, 4].

Remarks on Implementation
While the method is very close to the standard DG for-
mulation from a mathematical point of view, we still
have to take special care about the implementation.
NGSolve [11] uses vertex numbers to determine elements
connected to the same facets. While this strategy works
well in the conforming case, it does not work for the non-
conforming case. Instead, we have to search for elements
that contain the physical coordinates x. If the mesh and
the element order are not changing, we have to search for
the mapping only once, and the computational cost be-
comes irrelevant. However, if the mesh changes, we might
have to perform the element search each time step. To
keep the element search fast, we pass the information if
elements are connected to a master or slave interface and
assign a unique ID. Being on a master NCI with ID i we
only have to search in elements connected to a slave NCI
with ID i.
Eventually, we only have to map the physical coordinate
back to the integration point ξ+ = ϕ(x, e+

i ) and evalu-
ate the relevant trial functions on the reference element ê
in ξ+.

Numerical Results
All computations are performed with the same polyno-
mial orders for pressure and velocity k = ku = kp.
Timestep sizes are chosen as 50% of what is suggested
by the Courant–Friedrichs–Lewy (CFL) condition to en-
sure stability. For time integration we use a fourth-order
low-storage Runge–Kutta (RKF84) scheme which has
been optimized for the acoustic conservation laws [12].
Pressure Dirichlet BCs are incorporated using the mirror
principle: p+ = −p− + 2gp on ∂Ωp.

Circular Moving Gauss Pulse
Using a testcase with known analytical solution makes
it possible to quantify the numerically introduced error
exactly. The same testcase has been used in [3] to quan-
tify the used DG method without nonconformities. We
again use the numerically challenging physical quantities

of water, i.e., ρ = 1000
[

kg
m3

]
and c = 1500

[
m
s

]
. The test

case originates from [6]. To get results for the acoustic
pressure in the order O(100), the quantities p, u, and f
are scaled by a factor 10−6. The acoustic pressure and
particle velocity compute as

p =
10−6 · 2ξαl (x cos(ξt)− y sin(ξt))

eα((x−l sin(ξt))2+(y−l cos(ξt))2)
, (14)

u =
−10−6 · 2αρ−1

eα((x−l sin(ξt))2+(y−l cos(ξt))2)

(
l sin(ξt)− x
l cos(ξt)− y

)
, (15)
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Figure 2: Acoustic pressure [Pa] in circular domain with diameter D = 0.04 [m]. The domain consists of four different non-
overlapping meshes and has four nonconforming interfaces.

respecitvely. From this, the right hand-side f can be
obtained with the governing equations (1, 2). We use
the same parameters as in [6]: η = 1.6 · 10−5

[
1

m2

]
, ξ =

4.0·105
[

1
s

]
, and l = 0.02 [m]. Errors are computed at T =

1.5 · 10−5 [s]. The computational domain is a circle of
diameter D = 0.04 [m]. Pressure results at three different
times can be found in Fig. 2.

Convergence Behavior

For this test, we use four non-overlapping nonconform-
ing mesh regions with four nonconforming interfaces, see
Fig. 2. The pulse initialization spans two of those regions
(see Fig. 2a), and during the simulation, the pulse com-
pletely sweeps over two nonconforming interfaces. For a
convergence study, we gradually refine the mesh. How-
ever, we always keep the element size of the north-eastern
and south-western domains twice as big as the north-
western and south-eastern domains to ensure nonconfor-
mity at the interfaces. The mesh depicted in Fig. 2 cor-
responds to hmax/D = 1/32.
The obtained relative L2 errors of acoustic pressure and
acoustic particle velocity are depicted in Fig. 3. We can
see optimal rates of spatial convergence k + 1 for or-
ders k 1, 2, 6. For orders k 3, 4, 5, we do not meet the
optimal convergence rates for big h/D; for small h/D,
we see super-convergent behavior. Taking both into con-
sideration, we approximately get desired optimal rates of
convergence.

Artificial Nonconformity

A pleasant property is that — from a mathematical point
of view — the presented method is equivalent to the
standard DG method if two disjointed domains share
the same vertex positions after combining them. From
an implementational point of view, we still have to take
care of the correct mapping between the master and slave

sides and the evaluation in the correct integration points.
Therefore, the correctness of the implementation can be
tested straightforward by using this manufactured con-
formity and comparing the results. We use the same test
case as above. However, we now run on a rectangular
domain Ωh ∈ [−D/2,D/2]2 to be able to easily recreate
the same mesh in a conforming setting and a setup with
four nonconforming regions distributed as in the circular
domain. All tests use 8192 elements. Within Tab. 1 we
show the relative L2 errors of acoustic particle velocity
and acoustic pressure of the standard and nonconforming
simulations for a wide range of orders k, evaluated at T .
For orders k > 3, we can see small deviations which are

Table 1: Relative L2 errors for simulations with NCIs as well
as simulations on a conformal mesh.

k errp errp,NCI erru erru,NCI

1 1.027121e-1 1.027121e-1 3.452549e-1 3.452549e-1
2 6.864419e-3 6.864419e-3 3.892687e-2 3.892687e-2
3 1.406199e-3 1.406199e-3 3.809659e-3 3.809659e-3
4 1.588942e-4 1.588977e-4 5.793365e-4 5.793447e-4
5 1.569771e-5 1.569742e-5 5.896753e-5 5.896664e-5
6 1.728740e-6 1.728784e-6 6.688862e-6 6.689968e-6
7 2.219052e-7 2.219828e-7 7.762336e-7 7.760756e-7

related to numerical errors made in the mapping between
integration points on master and slave elements. With
obtained results, we are confident about our implemen-
tations.

Conclusion
We provided a nonconforming DG discretization for the
acoustic conservation laws. Since we use a Nitsche-
type method, we can apply numerical fluxes (here, Lax–
Friedrichs) as interface conditions between nonconform-
ing domains. Using disjointed domains with no hanging
DOFs on their interface results in the same mathemati-
cal formulation as DG methods with conformal elements.
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Figure 3: Spatial convergence results for the rotating Gauss pulse in water. Relative L2 errors of acoustic pressure and acoustic
particle velocity are depicted left and right, respectively.

This makes it possible to test the implementation for
nonconforming interfaces straightforwardly. Numerical
results provide evidence that the method yields optimal
spatial convergence rates.
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