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Introduction

State of the art numerical methods in vibroacoustics are
mainly based on discretization like the finite element
method (FEM) [1]. The main drawback of these conven-
tional methods is that the computational effort consider-
ably increases with a finer discretization. As Luegmair et
al. [2] have shown, a more detailed modeling will not nec-
essarily lead to a more accurate prediction, as the consid-
eration of uncertainties becomes increasingly important.
In order to perform uncertainty quantification, a high
number of model evaluations is required, which leads to
very high computational costs when using discretization
based methods [3]. In contrast to that, an ever-increasing
amount of data is available and the computational power
of hardware continuously increases, which strengthens
the need for efficient data-driven methods.
In the past decades, machine learning (ML) and espe-
cially its subarea of deep learning (DL) have shown great
potential in the fields of image recognition, computer vi-
sion or natural language processing. Nevertheless, purely
data-driven approaches require a large amount of high-
quality training data, which is often not available in com-
putational vibroacoustics. Furthermore, these methods
often have a poor generalization, which means that they
may fit the training data well but they fail in generalizing
outside the labeled training data domain.
Raissi et al. [4] introduced the so called physics-informed
neural networks (PINNs) and the idea is to enhance the
purely data-driven approach of a feed-forward neural net-
work with physics knowledge. This is realized by incorpo-
rating the residual of the governing physical partial differ-
ential equation (PDE) into the loss function of the neural
network. During training, the loss function is minimized,
which means that the network only learns to make predic-
tions that satisfy the PDE. PINNs have already been suc-
cessfully applied in various fields of scientific computation
such as fluid dynamics [5], heat transfer [6] and photon-
ics [7]. In the area of structural mechanics, PINNs have
been used to solve selected forward problems, including
Kirchhoff plate bending problems [8], elastic plate the-
ory [9], hyperelasticity and plasticity [10] and also inverse
problems for parameter identification [11].
In this contribution, PINNs are used to solve the two-
dimensional elastodynamics equations by only consid-
ering training data on the boundary. The additional
physics prior information enables good generalization of
the displacement field inside the domain, even if only a
limited number of training data on the boundary is avail-
able.

Physics-Informed Neural Networks
PINNs consist of traditional feed-forward neural net-
works and the main difference is the loss function to be
minimized during the training of the network. In the
PINN framework, contrary to ordinary neural networks,
multiple objectives are minimized with at least one of
them incorporating the physical knowledge into the loss.
A common choice for the architecture of a PINN is a
multilayer perceptron, which is a feed-forward neural net-
work consisting only of fully connected layers, schemati-
cally illustrated in Fig. 1. When summarizing all weights
and biases of the network in a parameter vector θ, the
network can be represented as a single function approx-
imator N (θ,x) = û, mapping from inputs x to the neu-
ral network outputs û. It is the goal that the neural
network approximates a function f(x) as accurately as
possible N (θ,x) ≈ f(x) and the parameters θ of the
network are adjusted in the way that the networks out-
puts û approach the true solutions u for all given inputs
x. If û ≈ u also holds for arbitrary inputs, which are
not included in the training data, the network general-
izes well. In order to approximate the unknown function
f sufficiently, the weights and biases of N need to be
adjusted in a way that minimizes L. This procedure is
called training and can be done using different, usually
gradient based, optimization algorithms. The gradients
can simply be computed using backpropagation and uti-
lizing automatic differentiation. Training the network
can be expressed by the following minimization problem

θ̂ = arg min
θ
L(D ,θ). (1)

The physical knowledge is incorporated into the neural
network by adding the residual R of the corresponding
PDE into the loss function. In order to check the residual,

… … … … …

Figure 1: Schematic illustration of a multilayer percep-
tion as a fully connected feed-forward neural network
with input and output layer and five hidden layers.
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a certain number of collocation points xcp is sampled
in the computational domain Ω resulting in the training
dataset Dcp = {(xcp,i)}

Ncp

i=1 . The physical loss, evaluated
at all collocation points, can then be calculated as

LΩ =
1

Ncp

Ncp∑
i=1

‖R(xcp,i)‖2. (2)

The PDE itself has an infinite number of solutions, but
we are interested in the unique solution, which satisfies
the boundary value problem. Therefore, the boundary
conditions (BCs) also have to be included into the loss
function. In this contribution, only Dirichlet BCs are
considered and they are integrated by minimizing the
mean square error (MSE) between the networks predic-
tions û and the known displacements for u at the bound-
ary, as

LΓ =
1

Nbc

Nbc∑
i=1

‖û(xbc,i)− ui‖2. (3)

Finally, the combined loss function, which needs to be
minimized during training of a PINN, results in

L = LΩ + λΓ LΓ, (4)

with λΓ being a scaling factor for adjusting the contri-
bution magnitude of the different loss terms. Our in-
vestigations have shown that this scaling factor is very
important for the convergence towards the correct solu-
tion of the Dirichlet boundary value problem.

Elastodynamics Model
The model considered in this study is the two-
dimensional elastodynamics equation, known as the
Navier-Lamé-equations, in the frequency domain. The
computational domain is a rectangular plane, as shown
in Fig. 2. The boundary conditions are Dirichlet con-
ditions on the displacements and the left boundary is
fixed, whereas at the right boundary, the system is ex-
cited with a purely vertical displacement with an excita-
tion frequency f . The boundary value problem can be
formulated, as

ω2ρu + µ∆u + (λ+ µ)∇(∇ · u) = 0 in Ω

u(−0.5, y) = 0 on Γ

ux(0.5, y) = 0 on Γ

uy(0.5, y) = 0.001m on Γ,
(5)

with the displacement vector field u, the Lamé parame-
ters µ and λ, the density ρ and the angular frequency
ω = 2πf . The assigned material is steel with the
properties ρ = 7850 kg/m3, λ = 10.2 e10N/m2 and
µ = 8 e10N/m2. The upper and lower boundaries are
considered to be traction free. However, in this study the
Neumann BCs are transformed into a Dirichlet problem,
by computing the displacement data on the upper and
lower boundary and making them available as training
data for the PINN. The training data on the boundary is
computed using the FEM and the commercial software
COMSOL Multiphysics. The displacements u at a total

of 46 points xbc on Γ are considered as training data.
Furthermore, 3000 collocation points xcp ∈ Ω are used,
which are randomly re-sampled in every epoch from a
uniform distribution. The excitation frequency for uy is
chosen to be f = 2500Hz.

𝑥 = 0 0.5−0.5

Figure 2: Two-dimensional computational domain with a
fixed clamp on the left boundary and a displacement ex-
citation on the right side. Inside the domain, the Navier-
Lamé-equations with Dirichlet boundary conditions are
solved.

Network Architecture
The neural network is built using PyTorch [12] and the
optimal set of hyperparameters is found by performing a
hyperparameter optimization in the form of a grid search
using Ray Tune [13]. The network consists of an input
layer with two neurons for the spatial coordinates x and
y. According to the PDE of Eq. 5, the output layer has
two neurons for the displacement field in the spatial di-
rections ux and uy. The network architecture is shown
in Fig. 1. The optimized network has five hidden layer
with 25 neurons per layer and the activation functions are
chosen to be hyperbolic tangents. The network is trained
using the Adam optimization algorithm for 5000 epochs
in the batch mode with a batch size of 10 % of the total
training data. The learning rate starts with 0.01 and is
reduced by the factor of 0.3 every 1000 epochs.

Results
The PINN method is able to predict the displacement
field with a mean absolute error (MAE) of 3.7 e−5m
in the domain compared to the FEM reference solution.
This corresponds to an average prediction error of 1.5 %.
After the training with the Adam optimizer in batch-
mode, 500 more epochs with the L-BFGS algorithm are
performed to approach the minimum even further. This
results in a reduction of the final error measures to a
MAE of 1.2 e−5m corresponding to an average predic-
tion error of 0.5 %. For comparison, the displacement
field in Ω is also predicted by a purely data-driven ap-
proach using an ordinary neural network (ONN) with the
same architecture and hyperparameters like the PINN.
For the purely supervised training of the network, the
identical 46 points xbc on Γ are used and training is con-
ducted using the Adam optimizer for 6000 epochs. The
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loss function in this case only consists of a single term, as
the physical loss term LΩ is neglected. The predictions
of the trained ONN end up with an average prediction
error or 34 % compared to the FEM solution.

Conclusions and Outlook
The PINNmethod has been used to solve the equations of
elastodynamics in a two-dimensional domain. A Dirichlet
boundary value problem is considered and only training
data on the boundary are used. The study shows that
PINNs are able to solve the PDE with a high accuracy of
less than one percent compared to a FEM reference so-
lution. The method is able to generalize well inside the
computational domain, even if only training data on the
boundary were available. The investigations reveal that
the scaling factor λΓ between the different loss terms is
very important, as without scaling the PINN would con-
verge to an arbitrary solution of the PDE and not to the
desired solution of the boundary value problem. Regard-
ing the computational times, the training of the PINN
in the offline step took about 300 s, whereas one FEM
solution only takes 3 s. However, as the PINN is trained
once, a forward pass in the online step only takes about
0.001 s.
As an outlook, this work shows great potential of PINNs
as an efficient data-driven surrogate model, which could
be highly advantageous for applications with a high num-
ber of model evaluations, e.g. uncertainty quantification,
optimization or the solution of inverse problems. Addi-
tionally, it is possible to incorporate training data inside
the domain Ω, which will further improve the convergence
and the accuracy of the PINN prediction.
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