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Introduction
In the recent years and inspired by the researches in the
field of metamaterials, fantastic ideas in controlling waves
has been proposed. In cloaking, waves are guided around
an obstacle with minimum scattering or reflection. In
figure 1, the wave propagation in plates with an obsta-
cle without a cloak and with a cloak are compared to a
homogeneous plate without obstacles, which is called the
reference plate in this study. In the illustrated cloak, the
waves are guided around the space with the smaller ra-
dius R1, which is called the core, by appropriate material
distribution in the cloak region with the larger radius R2.
Cloaking can be advantageous in future applications in
different fields. Examples are to use cloaking in archi-
tecture of a room to guide the waves around obstacles
and corners with minimum scattering, or to isolate the
cabin of an airplane or a room in a building. Considering
the role of thin plates in the engineering field, cloaking
of flexural waves has also achieved a great deal of atten-
tion. Thin plates can bear large forces in spite of their
light weight, which makes them attractive and practical
in the engineering field. Similarly, flexural cloaking can
also make cloaking concepts more practical and interest-
ing regarding their compactness and light weight.
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Figure 1: A cloak guides the waves around an obstacle,
which reduces the shadow region and wave scattering.

In a cloak, the waves are transformed in the doughnut
shaped region with radii R1 and R2. More exactly, the
waves are squeezed, stretched, or shifted in the cloak.
Cloaking is realized by engineering the material matrix
in the cloak in a way that the waves are guided in the
desired direction. The transformation method is an ef-
fective tool in solving the inverse problem of cloaking.
In this method, coordinate transformation is used to de-
scribe the desired physical field transformation, namely
the way the waves are curved around the core. Then, the
transformed coordinate is applied on the governing equa-
tions to transform the physical field and derive the cor-
responding required material distribution. The achieved
material distribution, for example the one shown in figure
2 right, can then be realized in the untransformed space
to transform the waves as desired. Usually, different ma-
terials are arranged in several layers to give an approxi-

mation of the material properties distribution functions
required for cloaking. The schematics of the layers in a
cloak is shown in figure 2 left. An example of material
discretization is also depicted in the diagram in figure
2 right. The method is called the multilayer technique,
which is described more in detail in section Theory.
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Figure 2: Left: schematics of a cloak’s layers to discretize
the material properties distribution. right: continuous and
discretized material properties distribution in a cloak.

While none of the equations in the design procedure of
a cloak depend on frequency, studies show that the be-
havior of flexural cloaks is dependent on frequency [1, 2].
The knowledge on origin of the frequency dependency of
multilayered flexural cloaks and the respective influenc-
ing parameters can help to increase the efficiency and fre-
quency range of cloaks and tailor them at desired frequen-
cies. Despite the importance of the topic, it is mostly dis-
regarded in the literature. Therefore, in this study, the
performance of a flexural cloak based on the quadratic
transformation, as it is defined in the literature [2], is in-
vestigated numerically. The investigations give valuable
information, whether the cloak performance can be im-
proved and its functional frequency range can be broad-
ened. The investigations are carried out with regard to
three main paramateres: the size of the core, size of the
cloak, and width of the layers.

Theory
The vibrations in a thin plate are described with the
Kichhoff’s equation, which can be formulated in polar
form as the following:

D∆∆w(r, θ) = ρhω2w(r, θ), (1)

where D, w,ρ, h, and ω refer to the flexural rigidity, de-
flection, mass density, thickness, and angular frequency
of the plate, respectively.

Regarding the explanations in the introduction, the coor-
dinate transformation is used to transform the waves in
a cylindrical cloak in a Kirchhoff’s plate. The coordinate
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transformation can be expressed by different functions
such as the following:

T =

r̃ =
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)
r2 +R2

1, 0 ≤ r ≤ R2,

θ̃ = θ,

(2)

where r and θ refer to the radius and angle in the un-
transformed space and “˜” symbol denotes the terms in
the transformed space.

The key point in the transformation method is the form-
invariance of the equations under coordinate transfor-
mation. In the transformation method, the terms of
the transformed governing equation are compared with
the original untransformed ones to achieve the relations
for the transformed material properties. The form-
invariance guarantees that the equation maintains its
forms and hence, the transformed and untransformed
terms can be compared to achieve the material prop-
erties. Unfortunately, the Kirchhoff’s equation is not
form-invariant [2, p. 2]. Hence, by applying the above
transformation on the Kirchhoff’s equation 1, the flexural
cloak in a thin plate can be approximated by the follow-
ing material distribution functions with the assumption
R2 >> R1:
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Interested readers can refer to [2] for detailed information
on deriving the above transformed material distributions.

Cloaking transformation results in complex inhomoge-
neous anisotropic material matrix in the cloak, which is
a challenge of fabrication. One of the most promising
techniques to overcome this challenge is the multilayer
technique, which discretizes continuously varying mate-
rial properties at multiple layers. As previously men-
tioned, a schematic view of the layers and also mate-
rial properties discretization is presented in figure 2. By
benefiting the effective medium theory, two or more ma-
terials are mixed in each layer to adjust the necessary
anisotropic properties. Normally, a softer material (s)
and a harder one (h) are used in each layer. The ef-
fective properties in each layer are calculated according
to the rule of mixtures. The flexural rigidity depends
on three parameters of the elasticity module, thickness,
and Poisson’s ratio of the plate, which makes the relaiza-
tion of flexural cloaks even more challenging. Therefore,
normally the material distribution relations in a flexu-
ral cloak are assigned to the elasticity moduli. Different
studies such as [1] proved that cloaks designed on this
assumption perform effectively. Hence, the required ma-
terial properties for a multilayered flexural cloak can be

calculated by the following relations:
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Ẽj
r̃

=
1

1 + γj

(
1

Ej
h

+
γj

Ej
s

)
, Ẽj
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(4)

where d refers to the width of each material in each layer,
the subscripts s and h refer to the softer and harder ma-
terials in each layer, and the superscript j denotes the
order of the layers. The Young’s modulus distribution
based on relation 3 is shown in figure 2 right, which is
discretized in several layers. In order to make the design
procedure of the cloak configurations more convenient
for the investigations in this study, artificial materials
are considered for the cloaks. More exactly, the width
of all the cloak rings are assumed to be identical, which
means that γj = 1. Accordingly, the required elasticity
moduli of Eh and Es are calculated for each cloak’s ring.

Numerical Investigations
The numerical investigations in this study are performed
using the Finite Element Method (FEM) in Abaqus 2018.
The cloak rings are modeled as element sets on a rectan-
gular plate with a size of 900×1100×1 mm, which is mod-
eled by quadratic shell elements. A schematic diagram
of the plate is presented in figure 3. The core surface on
the plate is completely clamped to mimic a hole. The
plate is simply supported on its upper and lower edges
(see figure 3) and excited on one end to generate plane
waves in the plate. The waves in all the illustrations in
this study propagate from right to left. The excitation is
performed in form of a sinusoidal pressure for a uniform
excitation. Moreover, the nodes on the excitation surface
are tied using the multi point constraint in Abaqus, which
assures the in phase movement of the nodes and accord-
ingly the generation of plane waves. In order to observe
the propagation of the plane waves and the cloaking ef-
fect, non-reflecting boundary conditions are required on
the edges of the plate. For this aim, dashpots are ar-
ranged in rows on the edges of the plate as shown in the
figure. The damping constant of the dashpots is linearly
increased in rows to avoid the reflection of the waves due
to impedance jumps, which is illustrated with color gra-
dient in the figure. In addition, only a small damping of
0.1% is considered for all the materials to attain a more
clear illustration of the wave propagation in the plate.
The elasticity modulus and Poisson’s ratio of the host
material are 0.5 GPa and 0.45, respectively. The proper-
ties of the cloak rings are calculated based on the trans-
formation relations and the rule of mixture, explained in
section Theory.

The models are simulated using the implicit transient
analysis in Abaqus over 0.03 s, which is enough for the
flexural waves to pass by the cloak and get dissipated on
the opposite edge. The resulted out of plane velocities
are postprocessed and assessed in two approaches and
in comparison to the results of the reference plate. On
one side, the velocities of the nodes on the correlation
region in figure 3 are compared for the cloak configura-
tions and the reference plate using Bravais-Pearson cor-
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Figure 3: Schematics of the modeled cloak

relation. However, it must be considered that the cloaked
and reference plates are different systems with different
boundary conditions and material properties. As a re-
sult, the wave propagation in these different systems also
varies. For a fair comparison, it should be investigated,
which time step of each of the cloak configurations repre-
sents the closest state to the state of the reference plate.
For this aim, the last 10 time steps of each simulated
cloak configuration is compared with the final state of
the reference plate as the reference using the correlation.
The best correlation is then considered to assess each
cloak configuration. In the second approach, the normal-
ized value of | w−wref | is calculated for each cloak, where
w and wref refer to the out of plane element velocities of
the cloak and reference plate, respectively. The normal-
ized difference is depicted using color-maps to show the
wave guidance by the cloak. The wave propagation in
the plates seems in fact similar to figure 1. However, the
difference with respect to the reference plate exhibits the
cloak’s performance more clearly. A high cloak’s perfor-
mance means that the waves are guided well around the
object to the shadow region and the wave scattering and
reflection is reduced strongly. In an ideal cloak, the ve-
locities in the region outside the cloak should have the
same amplitude and phase as the reference plate.

Size of the core
Three cloak configurations are compared with R1 of 15,
30, and 45 mm. The corresponding R2 are 75, 150, and
225 mm to assure that cloak configurations are geomet-
rically similar with the same ratio of R2/R1. The width
of the layers is identical and equal to 6 mm to maintain
the conditions from the perspective of the effective the-
ory. The color-maps and the respective correlations are
shown in figure 4. It is observed that the cloaking perfor-
mance is reduced as the radius of the core increases. Ac-
cording to the color-maps, the difference with respect to
the reference plate increases in particular in the shadow
region directly after the obstacle as the size of the core
increases, which reflects the incapability of the cloak to
guide the waves around the core to the shadow region.

It is practically beneficial, if the performance of the cloak
with regard to the size of the core can be assessed with a
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Figure 4: Performance of the cloak with respect to the radius
of the core

dimensionless measure. In order to analyze the interac-
tions of an object with waves, its geometrical dimensions
in relation to the wavelength can be assessed. The com-
plexity with a cloak is that it possesses different materials
with different wavelengths. While the real interactions
occur in the microstructure, it is attempted to explain
the behavior of the system in the macrostructural level
by using the effective medium theory. The first layer of
the cloak and its properties has a promising influence
on the cloak’s performance as it is in direct contact to
the core space. Hence, the ratio of R1/λ

1
b is used as

the assessment measure in this study, where λ1b is the ef-
fective wavelength in the first layer. The term effective
wavelength in this study refers to the wavelength in a
cloak’s layer based on its effective properties. The val-
ues are written in the corresponding color-maps in figure
4. The comparison of the dimensionless measure R1/λ

1
b

with the correlation values indicate no direct proportion-
ality, though having similar tendency for both values at
some points. This implies the complex behavior of the
cloak and the need for further investigations on its behav-
ior and accordingly more meaningful assessment criteria.
However, it is observed that in general a larger core leads
to a weaker performance of the cloak.

Size of the cloak
The transformed Kirchhoff’s equation is approximated
on the assumption R2/R1 >> 1. In this section, it is
investigated how the size of the cloak with respect to
the wavelength influences the cloak’s performance. Three
cloak configurations with R1 = 15 mm and R2 values of
45, 75, and 105 mm are simulated. The width of the
layers for all the configurations is set to 6 mm and the
models have the same boundary conditions. The results
show no remarkable differences. The correlation values
are almost the same for all configurations at frequencies
of 200, 300, 400, and 500 Hz with minor differences less
than 3% at several points. The reason for this similar
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behavior is due to the smooth material transformation
at R2 and a radical transformation in the close neighbor-
hood of R1, which is also observed in figure 2 right.

Width of the layers
In order to investigate the influence of the layer’s width
on the cloak performance, three configurations with
R1 = 15 mm, R2 = 75 mm, and identical conditions ex-
cept the number of the layers are modeled and simulated.
Increasing the number of the layers for a constant cloak
radius means narrower layers and finer discretization by
the multilayer method. The color-maps and the correla-
tion values are shown in figure 5.
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Figure 5: Performance of the cloak with respect to the width
of the layers

The results show that the performance of the cloak is
improved at all frequencies as the width of the layers is
decreased. In fact, using narrower and finer layers does
not only improve the cloak’s performance at a specific
frequency, but also broadens its effective functioning fre-
quency range. It is noticed from the figure and the corre-
lations that the performance of a cloak with wider layers
decreases faster as the frequency increases. The cloak
with narrower layers on the other side, implies a more
stable performance over a wider frequency range.

The question is however, what is the appropriate width
for the layers. In the literature related to the effective
medium theory, it is mostly generally stated that the
size of the microstructure must be much smaller than the
wavelength. However, it is very helpful for the design
process to have a standard to assess the width of the
layers with respect to the corresponding wavelengths at
different frequencies. Regarding the different materials
in a cloak and the discussions by the investigations on
the core’s size, the ratio of dlayer/λ

1
b is calculated for all

the configurations as a dimensionless measure to assess
the width of the layers. The values are noted on the
color-maps in figure 5. It is noticed with regard to the

results for each of the configurations, that a decrease of
the ratio dlayer/λ

1
b reflects mostly a weaker performance

of the cloak. Nevertheless, the ratio can not be used as a
standard to assess its performance. There is no direction
relationship between the ratio and the performance of
the cloak, either for an individual configuration or for
comparison of different configurations.

As a subsequent investigation, the ratio of the width of
the first ring to its wavelength is calculated. It should
be considered that the effective medium theory is only
a model to describe the behavior of the system with-
out the need to analyze the microstructural interactions.
However, the real interactions occur in the microstruc-
ture. Accordingly, the waves propagate differently in ev-
ery ring of the cloak. Hence, the ratio of ring’s width
to the wavelength can be a better measure to assess the
width of the cloak rings/layers with respect to its perfor-
mance. However, the investigations implied no general
relationship between these two. Though narrower layers
result in a better, more stable performance over a broader
frequency range, no appropriate geometrical measure is
founded based on the investigations in this study to pre-
dict the cloak’s performance. This reminds the conclu-
sion by the investigation on the core’s size that further
investigations are required for a better comprehension of
the cloak’s behavior and appropriate related assessment
criteria.

Conclusion and outlook
In this study, the performance of a multilayered flexural
cloak in frequency domain and with regard to its geomet-
rical parameters is investigated. The geometrical param-
eters include the size of the core, size of the cloak, and
width of the cloak’s layers. The results indicate that a
larger core leads to a weaker cloaking effect. Moreover,
it is shown that using narrower layers results in a better
and more stable performance for the cloak over a broader
frequency range. With regard to the cloak’s size, no sig-
nificant influence is observed on the cloak’s performance.
The reason lies on the transformation used in this study,
which results in a very smooth transformation close to
the cloak’s radius and a radical transformation near the
core. As a result, the size of the cloak has only minor
influences on the cloak. However, the conclusion is only
valid for the transformation used in this study.

To the opinion of the author, additional investigations
are required to comprehend the performance of cloaks in
the frequency domain and find appropriate assessment
criteria. Moreover, the investigations in this study are
based on a specific transformation. Prospective studies
are needed to include alternative transformations, which
can influence the cloak’s performance significantly.
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