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Introduction
Realistic simulations of ultrasonic waves in components
demand knowledge of the constituents’ acoustic material
parameters. Especially in polymers which are increasingly
used in ultrasonic components, such as transducers, the
viscoelastic, frequency-dependent behaviour must be con-
sidered to account for acoustic absorption in the material.
Data sheets in general do not contain viscoelastic material
data, but rather only the elastic modulus, resulting in
an incomplete material description. In this contribution
a method for the estimation of viscoelastic material pa-
rameters from the properties of ultrasonic Lamb modes
is proposed.

Measurement setup
For data acquisition the setup from Figure 1 is used.
Short laser pulses (1,45 ns) are focused on a line on the
specimen’s surface using a beam expander and a cylin-
drical lens to excite ultrasonic waves thermoacoustically.
The pulse energy and repetition rate is sufficiently low to
prevent material ablation and ensure a non-destructive
measurement. The excitation distance from a piezoelectric
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Figure 1: Experimental setup for the excitation and detection
of ultrasonic Lamb waves.

receiver is varied by moving a linear actuator, on which a
surface mirror and the cylindrical lens are mounted. Exci-
tation in different distances to the receiver and recording
the signals yields a matrix depending on time and space.
Its two dimensional Fourier transform in combination
with some additional signal processing results in a matrix
depending on frequency and (real) wavenumber as it is
depicted in Figure 2. The ridges, which become visible by
high values in this matrix, represent the propagating wave
modes. Because of the similarity to dispersion diagrams
such a depiction is referred to as a dispersion map.

Elastic parameters
Before estimating the parameters of a viscoelastic model,
an elastic isotropic material model is identified as it is
described in [1]. Initial parameters for longitudinal and

transversal wave velocity are estimated from measurement
data. The group velocity of the first mode, usually clearly
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Figure 2: Dispersion map determined from measurement
data, initial value estimation in frequency-wavenumber domain
(red), and simulated dispersion diagram for the validation of
the optimisation result (white).

visible in measurement data, converges to the Rayleigh
wave velocity which is still very close to the transversal
wave velocity with cR ≈ 0,9cT depending on the mate-
rial’s Poisson’s ratio. For the longitudinal wave velocity,
the recognisable parts of the modes that have the highest
group velocities are considered and connected by a straight
line. The line’s gradient ∂ω/∂ Re (k) yields an estimation
for the longitudinal wave velocity. Figure 2 illustrates the
lines for the parameter estimation for a plate of polyether
ether ketone (PEEK) with a thickness of h = 5,45 mm,
measured at a temperature of 19,6°, yielding values of

c
(0)
L = 2545 m s−1 and c

(0)
T = 1105 m s−1. These estimates

are used as initial values for an inverse measurement pro-
cedure. Using a semi-analytical finite element (SAFE)
model [2] theoretical dispersion curves are computed. To
match measurement and simulation, the mean intensity
value (from measurement) of all computed frequency-
wavenumber pairs is maximised. However, common im-
plemented optimisation algorithms are implemented to
search for the cost function’s minimum value. Therefore
the sound velocities minimising the negative mean inten-
sity value are identified yielding cL,ela = 2558 m s−1 and
cT,ela = 1110 m s−1 for the sample plate. The material’s
density of ρ = 1310 kg m−3 is measured gravimetrically,
enabling the determination of the effective elastic bulk
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Figure 3: Illustration of the division of the dataset along the
spatial axis.

0 0.5 1 1.5

1

2

3

Frequency f/MHz

R
ea

l
an

g
u

la
r

w
av

en
u

m
b

er
|R

e
(k

)
|/

m
m
−
1

0

20

40

60

80

100

A
tt

en
u

at
io

n
α

/
m
−
1

Figure 4: Modal attenuation (from measurement) of the
theoretically propagating modes.

and shear moduli:

Kela = ρ

(
c2L,ela −

4c2T,ela
3

)
= 6,42 GPa (1)

µela = ρc2T,ela = 1,61 GPa (2)

For validation Figure 2 shows the dispersion diagram
computed using the identified wave velocities in white,
superimposed to the measurement data.

Modal attenuation
The identification of a viscoelastic material model requires
knowledge about the the attenuation of the propagating
modes. Hence, the dataset from measurement is divided in
N subdatasets along the spatial direction as it is visualised
in Figure 3 for N = 4. The resulting two dimensional
Fourier transform of each subdataset yields N dispersion
maps. For each sample of frequency and (real) wavenum-
ber, the intensity value of each 2D-Fourier transform is
used to fit an exponential function

U [ω,Re(k)] = U0e
α[ω,Re(k)]yn (3)

along the spacial axis to determine the acoustic absorp-
tion α = − Im (k), while yn is the mean propagation
distance and U [ω,Re(k)] the intensity value of each dis-
persion map. Plotting the acoustic attenuation α over
the frequency and the wavenumber’s real part, similar
to the intensity values in Figure 2, results in a damping
map. Filtering this map with a rectangle filter around
the theoretical propagable wave modes removes the back-
ground resulting in Figure 4. In Figure 4 many wave
modes show low attenuation values if they are not excited

or not detected. For assessment if wave modes are just
not excited/detected in the measurement or have a theo-
retical attenuation of zero, Figure 2 is additional needed
to visualise, which wave mode parts are detected and are
consequently available for evaluation.

Viscoelastic material parameters
A physically motivated fractional Zener model is suitable
to describe damping in polymers [3], [4]. Bause et al. [5]
propose a fractional Zener model for bulk and shear com-
ponents which is applied here. An eigendecomposition of
an isotropic elasticity matrix

C =


K + 4

3µ K − 2
3µ K − 2

3µ 0 0 0
K − 2

3µ K + 4
3µ K − 2

3µ 0 0 0
K − 2

3µ K − 2
3µ K + 4

3µ 0 0 0
0 0 0 µ 0 0
0 0 0 0 µ 0
0 0 0 0 0 µ

 (4)

yields the three eigenvalues

λ1 = 3K, λ2 = 2µ, λ2 = µ. (5)

Together with the respective eigenvectors pi the elasticity
matrix can be rewritten as [6]

C =

3∑
i=1

λipip
T
i =

3∑
i=1

λiDi. (6)

Application of a plane strain model, reduces the di-
mensions of the corresponding decomposition matrices
(eigendirections):

D1 =
1

3

1 1 0
1 1 0
0 0 0

 , D2 =
1

3

 2 −1 0
−1 2 0
0 0 0

 ,

D3 =

0 0 0
0 0 0
0 0 1

 . (7)

Recombining two of three eigendirections yields a de-
composition in bulk and shear components which are
attenuated by different fractional Zener models. Thus,
the resulting viscoelastic elasticity matrix is given by

C̃ =
1 + dK (jτσ,K)

βK

1 + (jωτσ,K)
βK

3KD1

+
1 + dµ (jωτσ,µ)

βµ

1 + (jωτσ,µ)
βµ

µ (2D2 + D3)

=γK3KD1 + γµµ (2D2 + D3) . (8)

Consequently, the bulk modulus K, shear modulus µ and
the six damping parameters (the time constants τσ,K/µ,
the modulus ratios dK/µ and the derivative orders βK/µ)
need to be estimated. The quasistatic bulk and shear
moduli are computed from literature values, e.g. from
Young’s modulus E = 4,1 GPa [7], [8] and Poisson’s ratio
νP = 0,39 [9] for the PEEK sample:

K =
E

3 (1− 2νP)
= 6,23 GPa, (9)

µ =
E

2 (1 + νP)
= 1,48 GPa. (10)
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Figure 5: Change in dispersion diagram, when changing the
bulk modulus.

With the damping model from Equation 8 the frequency
dependent shear and bulk moduli result in

µ̃ (ω) = µ
1 + dµ (jωτσ,µ)

βµ

1 + (jωτσ,µ)
βµ

, (11)

K̃ (ω) = K
1 + dK (jωτσ,K)

βK

1 + (jωτσ,K)
βK

. (12)

At very high frequencies for ω →∞ the values converge
to

µ∞ = µ̃ (ω →∞) = µdµ, (13)

K∞ = K̃ (ω →∞) = KdK. (14)

Assuming the effective elastic moduli from Equation 1
and 2 as the moduli at high frequencies, the modulus
ratios for the evaluated PEEK specimen are given by

dµ =
µ∞
µ

= 1,09 (15)

dK =
K∞
K

= 1,03 (16)

The remaining time constants τσ,K/µ and derivatives βK/µ
are estimated by minimising the absolute value of the
Rayleigh-Lamb equation [10]

min

∣∣∣∣∣∣ tan (qh/2)

tan (ph/2)
+

(
4k2pq

(q2 − k2)
2

)±1∣∣∣∣∣∣ (17)

with

q2 =
ρω2

µ̃
− k2, p2 =

ρω2

K̃ + 4
3 µ̃
− k2 (18)

and the plate thickness h. For that, pairs of frequency and
the wavenumber’s real part are extracted from measure-
ment data using a peak detection algorithm from Figure 2.
The respective imaginary parts Im (k) = −α are extracted
from Figure 4. Consequently, the complex wavenumbers
and the respective frequencies are inserted in the Rayleigh-
Lamb equation together with the quasistatic bulk and
shear moduli and the stiffness ratios. In a global opti-
misation procedure using differential evolution [11] the
time constants and derivatives are varied in two stages

Table 1: Quasistatic parameters
ρ K µ

1310 kg m−3 6,23 GPa 1,48 GPa

Table 2: Resulting damping parameter set
dK dµ τσ,K τσ,µ βK βµ

1,03 1,09 0,2 µs 0,6 µs 1 1

until the minimum absolute value of the Rayleigh-Lamb
equation is found. In (isotropic) solids, bulk and shear
components are coupled [12]. When varying the shear
components, all wave modes in a dispersion diagram are
influenced, while changing the bulk components (cf. Fig-
ure 5) only changes the modes below Re (k) < kL = ω/cL
occur. Therefore, damping parameters of the shear com-
ponents are estimated first using the detected wave modes
with a wavenumber’s real part greater than kL = ω/cL
and a simple fractional Zener model given by

C̃ =
1 + dµ (jωτσ,µ)

βµ

1 + (jωτσ,µ)
βµ

C. (19)

The time constant and the derivative order for the shear
components have been estimated to be τσ,µ = 0,6 µs and
βµ = 1. Now the time constant and derivative order of
the bulk components are estimated in the same manner
applying the damping model from Equation 8 using the
wavemodes which wavenumber’s real part is below ω/cL,
yielding τσ,K = 0,2 µs and βK = 1.

Results
A 5,45 mm thick PEEK plate is exemplarily evaluated.
The quasistatic bulk and shear moduli are computed
from literature values, e.g. from Young’s modulus E =
4,1 GPa [7], [8] and Poisson’s ratio νP = 0,39 [9]. Using
Equation 11 and 12 the quasistatic bulk and shear moduli
are computed (Table 1). Together with the results of
an elastic parameter identification, the remaining damp-
ing parameters are estimated. The resulting damping
parameter set is given in Table 2. Since quasistatic pa-
rameters from literature are assumed, the (quasistatic)
Young’s modulus of course coincide with the one obtained
from tensile tests in literature (4,1 GPa) [8]. For increas-
ing frequency Young’s, bulk and shear moduli increase.
At 5 MHz the frequency dependent Young’s modulus is
given from the results as 4,46 GPa which is getting closer
to 4,6 GPa measured by time-of-flight measurements at
5 MHz in [8]. Hence, viscoelastic parameters solve the dis-
agreement of quasistatic and dynamic material behaviour.
Computing complex wavenumbers using the identified
parameters yields the red plot in Figure 6 for the real
part of the wavenumbers and the attenuation in Figure 7
given by the imaginary part of the wavenumbers. Note
that only frequency-wavenumber pairs which have been
considered for the estimation are depicted. The wavenum-
bers resulting from the simulation model (red) in general
match to the detected ones (white) in Figure 6. In the first
mode (A0), slight deviations between measurement and
the model become visible. Regarding the attenuation in
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Figure 6: Measurement data and the frequency-wavenumber
pairs (white) detected via ridge detection compared to com-
puted wavenumbers using the estimated viscoelastic material
model (red).
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Figure 7: Attenuation measured ( ) and computed using the
estimated viscoelastic material parameters ( ).

Figure 7, it is obvious that the computed one has been
overestimated, although its behaviour matches the mea-
sured one. However, the result shows attenuation in the
same order of magnitude. Especially at low frequencies
(f = 0,5 MHz), the determined values are similar in simu-
lation and measurement, although significant noise in the
measurement results poses a challenge for the estimation
process. Nevertheless, the estimated material parameters
represent the frequency behaviour despite quantitative
errors. As the identification process is computationally
inexpensive, the results can serve as initial values for an
inverse procedure for material parameter identification
using a local optimisation approach.

Conclusion
A procedure for estimating viscoelastic material param-
eters is presented. Using quasistatic parameters from
literature and effective elastic parameters, the modulus
ratios of a modified fractional Zener model (non-standard
linear solid) are computed. Given quasistatic parameters
and the modulus ratios, the remaining damping param-
eters are estimated in a global optimisation procedure
by minimising the absolute value of the Rayleigh-Lamb
equation. The resulting material parameters do not com-
pletely represent the quantitative material behaviour, but

they serve as initial values for a further inverse material
identification [1].
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