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Introduction

The classical guitar is a popular string instrument whose
sound is created through a coupled mechanical process.
Typically, the different parts of a guitar are made of dif-
ferent types of wood. The variability of the used woods’
material parameters causes the vibrational behavior of
even geometrically identical instruments to vary, and
thus each instrument develops an individual sound [1]. In
this contribution, a method is presented that allows the
non-destructive identification of the most influential ma-
terial parameters of complete guitars. First, the modal
parameters of two geometrically identical guitars are de-
termined by an experimental modal analysis. The gui-
tar is then modeled using CT scans and discretized for
the finite element method. In addition to the detailed
geometry, the model includes the orthotropic material
parameters of the different wood species and the fluid-
structure interaction between the body and the enclosed
air. This model will subsequently be used to identify the
material parameters of the real guitars and it is shown
that the procedure is well suited to distinguish the ma-
terial parameters of the geometrically identical guitars.
For this purpose, many evaluations of the parameterized
model are necessary, which leads to very long compu-
tation times. Hence, parametric model order reduction
is applied, which can significantly reduce the model or-
der and the computational time, while maintaining the
parameter dependence in the reduced model.

Problem Description

In this study two classical guitars of type Yamaha GC12
as depicted in Figure 1 are analyzed. They share the
same geometry and the same materials for the back, the
sides and the neck (all mahogany), as well as the mate-
rial for the bracing (spruce), the fretboard (ebony), and
the bridge (rosewood). As visible in Figure 1, the sound-
board material differs. While the guitar on the left hand
side has a spruce soundboard and will be named GC12S
from here on, the guitar on the right hand side has a
cedar soundboard and will be named GC12C for the re-
mainder of the article.

Firstly, the modal parameters of the two guitars are iden-
tified in an experimental modal analysis. The setup is
described in detail in [2]. The oscillation is measured
with a Polytec PSV-500 Xtra Laser Doppler Vibrometer
and the guitars are excited with an automatic impulse
hammer is used for this purpose. In Figure 2 a mobility
with input on the lower left corner of the soundboard and
output between the soundhole and the bridge is used to
compare the frequency response of the two guitars. Be-

Figure 1: The two guitars of type Yamaha GC12 that are
analyzed. Left: Guitar GC12S with spruce top. Right: Gui-
tar GC12C with cedar top.

sides obvious similarities some clear differences between
the guitars are visible. For example, the first two eigen-
frequencies around 100 Hz are clearly separated in the
response of the GC12S while they appear as one broader
peak in the response of the GC12C. Furthermore, the am-
plitude in the vicinity of the eigenfrequency at 230 Hz is
three times higher for the GC12C. For higher frequencies
the eigenfrequencies are close to each other but clearly
distinguishable between the guitars. Figure 3 depicts a
comparison of the first 15 eigenmodes of the two guitars
utilizing the modal assurance criterion. As it might be
expected the modes are very similar but an interesting
fact is, that the ordering of modes is different for several
modes indicating the difference between the two instru-
ments. In the following, the material parameters for both
guitars are identified because the differences in the fre-
quency response are most likely caused by differences in
the material parameters of the guitars.

Finite Element Model

The material parameter identification of the two instru-
ments is carried out via a model updating approach
of a detailed finite element model using the identified
modal parameters from the experimental modal analy-
sis. The finite element model is created in a sophis-
ticated reverse-engineering process starting from com-
puted tomography scans of the instruments and taking
into account not only the orthotropic material parame-

840



10 ; ' ' ' ' ;
1072
=
E
o
= 1073
—GC12S
4 ——GC12C
107%¢ ‘ ‘ 3

200 250 300 350 400
frequency in Hz

100 150

Figure 2: Measured mobilities of the two guitars excited on
the bottom right corner of the soundboard and measured be-
tween soundhole and bridge. The similarity of the frequency
response is obvious but the guitars are clearly distinguishable.
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Figure 3: Comparison of the mode shapes of the two guitars
inferred from an experimental modal analysis. While the first
15 mode shapes clearly relate to each other, the ordering of
the mode shapes is different.

ters of the five different kinds of wood in each instrument
but also the fluid-structure-interaction between the gui-
tar box and the enclosed air. The resulting geometric
model is visible in Figure 4 and an in-depth description
of the reverse-engineering procedure can be found in [2].
For the current finite element model the commercial soft-
ware Abaqus is used and the strings are neglected.

The homogeneous system of equations for the undamped
guitar dynamics can be written as

My prCL] [de Ky 0| |gt
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M K q

p
where M is the mass matrix consisting of the fluid mass
matrix Mg, the structural mass matrix Mg, and the ma-
trix Ct; coupling fluid and structure multiplied with the
density of the fluid pr. The stiffness matrix K consists
of the fluid stiffness matrix Kr and the structural stiff-
ness matrix Kg. The vector of generalized coordinates q
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Figure 4: The detailed geometric model resulting from the
reverse-engineering process published in [2]. The wood and el-
ement types are indicated for the different parts of the model.

contains the pressure degrees of freedom gy for the fluid
nodes and the structural translations and rotations of the
structural nodes gs. In total, the finite element model has
about 400000 degrees of freedom.

The system in Equation (1) can be interpreted as a
second-order input-output system

M(p)§ + D(p)q + K(p)q = B(p)u,

y=C(p)q @

in which all matrices might depend on a vector of pa-
rameters p and where the external forces are written as
f(p) = B(p)u with the input matrix B(p) € RV** dis-
tributing the system inputs u € R* on the nodal degrees
of freedom. The system’s states of interest y € R/ are
assembled by the output matrix C(p) € R?*¥. The pop-
ular Rayleigh approach is used to calculate the damping
matrix as

D(p) = aM (p) + BK (p) (3)

with the damping coefficients & = 0.2s™ and 8 = 5 -
107 Cs.

Parametric Modeling and Model Order

Reduction

On a recent workstation, it takes about 240s to compute
the first 15 eigenmodes and eigenfrequencies of the finite
element model described in the previous section. Taking
into account that this needs to be done several thousand
times in a model updating procedure, the model is not yet
suited for this task as computation would take too long.
Parametric model order reduction by projection is an el-
egant way to reduce the number of degrees of freedom
and, hence, the computational time significantly while
preserving the dependency on, e.g., material parameters
and, additionally, preserving the structure of the system
of equations. A more general and detailed description of
the here only briefly described methods for the paramet-
ric model order reduction can be found in [4].

It is the fundamental idea of projection-based model or-
der reduction to approximate the system dynamics by
projecting the degrees of freedom in a lower-dimensional
subspace V spanned by projection matrices V' € RVNxn
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and W € RV*" and, hence, reducing the number of de-
grees of freedom from N to n with n << N. Multiplying
the system of equations (2) with the projection matrices
V and WT yields the reduced-order system

WIMV §+WT'DV ¢ +WTKV q, = W'Bu,
N—— N—_—— N—— N——
M, (p) D, (p) K. (p) B.(p)
Yr = CV, qr,

C.(p)
(4)

where the index r is used to denote the reduced-order
system matrices, e.g., the reduced-order mass matrix
M, (p) € R"*™. The key task when applying paramet-
ric model order reduction is to find suited bases V' and
W such that the error ||y(s, p) — y.(s, p)|| between the
system outputs of the full-order system and the reduced-
order system becomes as small as possible under an ap-
propriate norm || - |[|. One option to find such bases is
the moment-matching approach in which the bases are
calculated as

1

B(p) and

Vi = (0iM(pi) + 0:D(p;) + K(p;))

-1

W, = C(p) (67 M(p;) + 0:D(p;) + K(pi)) .

(5)

at discrete frequency expansion points o; and discrete

parameter expansion points p;. The bases can then be

accumulated by concatenating the separate bases to form
the global bases

V =[Vi(o1,p1), Va(o2,p2), - -]
W =[Wi(o1,p1), Wa(og,p2), .. .]

and

(6)

which guarantee conforming transfer functions H at all
the chosen frequency and parameter expansion points
such that

H(o1,p1) = Hy(01,p1), H(02,p2) = H.(02,p2), - -
(7)

holds. Usually, commercial finite element software pack-
ages do not allow the user to export parameter depen-
dent system matrices. Hence, system matrices at dis-
crete points in the parameter space are exported and a
least-squares approach to calculate affinely parameter-
dependent system matrices is utilized as described in [3].
In general, the affinely parameter-dependent system ma-
trices can be written as

K
M(p) = Mo + Zak(p)Mk and

k=1

L (8)
K(p) =Ko+ Y b(p)Ki.

=1

where My and K are the invariant parts of the mass and
stiffness matrix. The matrices M}, and K, are dependent
on the parameters ai(p) and b;(p), respectively. From
the fundamental finite element equations one can relate
that the mass matrix depends linearly on the density
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p and, thus, the mass matrix for one material can be
written as

M (p) = Mo + pM,. 9)

The parameters of the stiffness matrix can be gained from
the elastic material matrix and for an isotropic material
the parameter-dependent stiffness is written as

E
2 —

FEv

K(p) = Ko - o

1= V2 _ . K2 (10)

a
with the Young’s modulus E and the Poisson ratio v serv-
ing as parameters. The parameter-dependent orthotropic
stiffness matrix can be calculated in the same manner
but is omitted here in the sense of brevity. The affinely
parametric representation of the matrices yields the ad-
vantage that the model order reduction is directly appli-
cable to the system matrices, leading to the calculation
of the reduced order system matrices

K
M, (p) = WMV + > ar(p) W' M,V

and
M,, =1 M,,
L
K.(p) =W"'K,V+> b(p) W'K\V.
N—— = N—_——
K., = K,
(11)

Applying this reduction procedure to the finite element
model of the guitar results in a reduction of degrees of
freedom to n = 1596. To achieve this, 8 inputs and out-
puts distributed over the guitar, 20 frequency expansion
points equally distributed between 90 Hz and 500 Hz, and
25 random parameter expansion points are used. The
modal analysis that takes 240s for the full order model
can be carried out in 0.25s for the reduced order model
resulting in a speedup of 800. Hence, the reduced or-
der model is well suited for parameter identification pur-
poses.

Parameter Identification

In a sensitivity analysis, the most influencial parameters
are found to be the densities of the different materials,
the longitudinal Young’s moduli of all materials, as well
as the transversial Young’s moduli of the soundboard
and the back of the guitar. The vector of parameters
is completed by the shear moduli between longitudinal
and transversal direction for the soundboard, the back,
the neck, the bracing and the fretboard. Thus, in total,
19 parameters are used in the parameter identification
procedure.

Identifying 19 parameters in a complicated model like the
guitar is not likely to result in one unambiguous result
for the material parameters but rather multiple possi-
ble solutions might occur. To tackle this problem, the
parameter identification is carried out with a possibilis-
tic procedure to calculate membership values for a vast
number of samples and calculating possible parameter
regions instead of one specific parameter set. To rate the
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using the difference of the first R eigenfrequencies identi-
fied in the experiment w®*P and the first R eigenfrequen-
cies calculated in the model w, and the modal assurance
criterion MAC,, to rate the solutions. Now, instead of
discarding all samples but the one with the minimum
value of ¢, a systematic approach for sampling the whole
parameter space via a Sobol sequence is chosen and a
membership function

max

€ —€

p(e) = Zmax _ cmin’ (13)
as used in possibility theory, see [5], is defined. Practi-
cally, the modal parameters of the parameter-dependent
reduced order model are calculated at points in the pa-
rameter space defined by the Sobol sequence exploring
the whole 19-dimensional parameter space. Then, the
objective function (12) and the membership function (13)
are evaluated for both guitars. Figure 5 shows the result-
ing identified parameter regions of two essential parame-
ters of the two guitars, the density of the top and the den-
sity of the back. The data in this plot comprises 500 000
samples per guitar and the opacity indicates the member-
ship value where a higher opacity indicates a higher mem-
bership value. On the one hand, the possible parameter
regions span over a relatively large range. On the other
hand, the possible parameter ranges are clearly distin-
guishable not only for the top’s density, where a different
density would be expected due to the different material
but also for the back’s density for which in both guitars
mahogany is used.

Figure 6 shows the results from extending the parame-
ter /membership samples onto the the 9th eigenfrequency.
It is clearly visible that for the GC12S a lower eigen-
frequency than for the GC12C is identified although an
overlap between the possible eigenfrequencies occurs.
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Figure 5: Membership values for the back’s density and the

top’s density for both guitars. The opacity indicates the mem-
bership values as also visible in Figure 6.
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Figure 6: Membership values of the samples for the 9th
eigenfrequency for the two guitars. The vertical lines show the
eigenfrequencies identified in the experimental modal analy-
sis.

Conclusions

In this contribution two geometrically identical classical
guitars are compared experimentally and by a sophisti-
cated material parameter identification procedure using
finite element modeling, parametric model order reduc-
tion, and qualitative possibilistic uncertainty quantifica-
tion. The material parameters for both guitars could be
identified, and the differences in the frequency response
could be traced back to differences in the material pa-
rameters of the two guitars.
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