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The physical modelling of guitar strings consists of two
main tasks: First, the modelling of an interior model de-
scribing the oscillation behavior of the string itself and,
second, the incorporation of realistic boundary condi-
tions connecting the string to a guitar body. For the mod-
elling of the interior string model the Functional Trans-
formation Method can be used, which turns a physical
system described by a set of partial differential equations
into a synthesis algorithm with real-time capability. In
a second step realistic boundary conditions can be real-
ized by the design of a feedback loop around the interior
model.

Introduction

The vibrations of guitar strings are a well studied sub-
ject. Based on the fundamental laws of elasticity, their
dynamic behavior is accurately described by differential
equations of different kinds, see [1] for further references.
There are several methods to turn these partial differ-
ential equations into physical simulation models by dis-
cretization in space and time or by functional transfor-
mations [2, 3].

Beside the vibration of the string itself, also the connec-
tion to other parts of the guitar have to be investigated
to achieve a realistic sounding physical model. But the
complexity of the boundary conditions highly scales the
complexity of the initial-boundary-value problem.

A suitable modelling technique is the application of func-
tional transformations, which are based on a modal ex-
pansion of an initial-boundary-value problem [4]. These
techniques lead to powerful physical models, which can
be formulated in a state-space description. Additionally
they allow to adjust their boundary behavior for the re-
alization of realistic boundary conditions.

String Oscillation

The oscillation of a single guitar string is a combination
of spatial and temporal oscillations, and is not just a
single oscillation with the fundamental frequency. The
oscillation is shaped by several harmonics, which form
the typical sound of a string.

Fig. 1 shows the shape of a single string oscillation
(top) and the decomposition into its harmonics (bottom).
Each harmonic has a different spatial wavelength A and
time period T'. Also the amplitude parameters b are dif-
ferent. The varying wavelengths and periods of the har-
monics lead to different propagation velocities. In gen-
eral: The higher the frequency of a harmonic, the higher
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Figure 1: Guitar string oscillation decomposed into its har-
monics: b,: Amplitude parameter, \,: spatial wavelength,
T,: time period, x: space coordinate.

the propagation speed. This effect is known as dispersion
and is typical for the sound of guitar strings.

Beside the oscillations on the string, the boundary con-
ditions are important for a realistic sound. Typically, a
string is oscillating in a complex scenario and is interact-
ing e.g. with the bridge, saddle, fingers, etc.

Modelling Approach

In the following sections a physical string model with
realistic boundary conditions is derived in the continu-
ous frequency domain. The modelling process follows
the steps in Fig. 2. At first, a physical description of
the guitar string is derived. This physical description is
transformed by functional transformations into a physi-
cal model in terms of a multi-dimensional transfer func-
tion. This general model first assumes a simplified set of
boundary conditions. Subsequently, a set of more realis-
tic conditions is incorporated into the model.

{ Guitar String }—{ }—{
Physical model with

realistic boundary
Figure 2: Individual steps of the modelling approach.
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Physical Description

The scenario of a vibrating string on a guitar can be de-
scribed physically by an initial-boundary-value problem:
A partial differential equation, describing the oscillation
of a guitar string, a set of boundary conditions charac-
terizes the behavior of the ends of the string and the
initial conditions describe the behavior of the string at
time ¢t = 0.
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Partial Differential Equation

The propagation of transversal waves on a single guitar
string can be described by a PDE in terms of the string
deflection [1]. It depends on the position on the string z
and time t (y = y(z,t)). ¢ represents the time- and '’
the space-derivative
pAjj + Ely" — Toy" + diy — d3y" = fe, (1)
with the cross-section area A, area moment of inertia I
and the length ¢. The material is characterized by the
density p and Young’s modulus E. Ty describes the ten-
sion and d; and d3 are constant and frequency depen-
dent damping [1, 2]. The excitation function is defined

as fe fe(xvt)'

Vector Formulation

A Laplace transformation £ is applied to the PDE (1),
with Y(z,s) = L{y(z,t)}. Subsequently the PDE is re-
formulated in a unifying vector form [5]
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[sC — LY (z,s) = Fe(z,t), L=A+—I, (2)

with the spatial differential operator L, a mass matrix
C, a matrix of damping parameters A and the identity

matrix I. The vector of variables Y contains the inde-
pendent variables of the system

Y(z,s)=[sY Y" Y Y. (3)
The matrices in (2) are of size 4 x 4 and result in
0O 0 0 0 0 0 1 0
0 0 0 -1 0 0 0 0
A= 0O -1 0 o0}’ ¢= 0 0 0 0} (4)
ap az 0 0 cg ¢ 00
with the coefficients
T R Y S Y
"“EI " EI "7 EI 7T EI

The equivalents between the scalar (1) and the vector
form can be validated, by reinserting of (3) - (5) into (2).

Initial and Boundary Conditions

In addition to the PDE (1) an arbitrary set of boundary
conditions is proposed for the design of a general string
model in the continuous frequency domain

) - [ee]

P(x,s), x=0,L. (6)

For the string deflection y (and subsequently its time
derivative ) and the curvature y” yet unspecified bound-
ary values ¢1, ¢o are assumed. To fit into the vector for-
mulation (2) the boundary values are grouped into the
vector ®. These boundary conditions are used to design
a general transfer function model of the vibrating string.
Realistic boundary conditions are incorporated later by
the modification of these boundary terms. Additionally
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it is assumed that the string deflection y and its deriva-
tives are zero at t = 0.

All variables in y, which are not associated with the
boundary conditions in (6), can be observed at x = 0, 4.
Following [6], the variables sY, Y can be interpreted as
inputs of the system and Y’, Y as outputs.

Sturm-Liouville Transformation

For the transformation of space variables, a Sturm-
Liouville transformation is defined in terms of an integral
transform [4]

T{Y(x,s)}:f/(u,s):/o K"z, )CY (2, 5) d, (7)

with the eigenfunctions K. The inverse transformation
is a generalized Fourier series with the eigenfunctions K
and the scaling factor N,

TV (n,5)} = Yw,9) =3 oV () K ), (8)
p=0""#

where Y (y,s) is a scalar representation of the vector of
variables (2) in the temporal and spatial transform do-
main. Index p € Z is the index of a spatial frequency
variable s, for which (2) has nontrivial solutions [4, 7].
Applying the forward transformation (7) to the vector
PDE (2) leads to a scalar representation of (2) in the
spatio-temporal transform domain

sY (11,8) = 8,Y (11, 8) + P, 8) + Fo(u,8),  (9)

where ®(y, s) is the transform domain representation of
the boundary vector ® in (6) and F,(u,s) is the trans-
form domain representation of the excitation functions.
Eq. (9) already shows a strong similarity to the state
equation of a standard state-space description. Group-
ing the variables in (9) into matrices and vectors leads to
a state equation in vector form

sY (s) = AY (s) + Fu(s) + ®(s), (10)

where the dimensions of the vectors and matrices cor-
respond to the range of the truncated sum in (8). The
matrices and vectors in (10) are

Y(s) = [...,Y(M,s),...]T, ®(s) = [...,é(u,s),...]T,
(11)

F.(s) = [...,Fe(u,s),...]T, A=diag(...,su,...).
(12)

The matrix A contains the eigenfrequencies of the system
on its main diagonal. Reformulating the inverse transfor-
mation (8) into a vector form leads to the output equa-
tion of the state-space description

...,N%LK(M,Q:)“.. .
(13)

Y (z,s) =C(x)Y(s), C(z)

The matrix C(z) can be interpreted as a transformation
matrix, transforming the vector Y in the spatio-temporal
frequency domain back into the space domain.

With the state equation (10) and the output equation
(13) a state-space description for the simulation of the
vibrating string is realized (see Fig. 3).



Figure 3: State-space representation of the string model ac-
cording to (10), (13) with a general boundary term.

Realistic boundary conditions

The boundary behavior of the string is very complex. A
guitar string is not just fixed at both ends, it is interact-
ing with other oscillating systems. At the position x = 0,
the string is attached to a bridge, which is connected to
the body of the string. Also the hand plays a role for
special playing styles, e.g. palm muted. At z = ¢, the
string lies on the saddle and is wrapped around the me-
chanics at the guitar head (see Fig. 4). Additionally, for
0 < x < ¢ the string interacts with the fingers and the
fretboard.

Saddle,
mechanics

Bridge, body,

Guitar string hend
an

Figure 4: Interconnection of a guitar string to other sound-
influencing parts of a guitar.

In this contribution, we focus on the incorporation of
more realistic bridge/hand models at the string position
x = 0. Therefore, two sets of boundary conditions are
defined:

1. The string is fixed at both ends, which leads to a zero
deflection and curvature at x = 0, ¢, which reads in
the frequency domain

sY(z,s) =0, Y"(z,s)=0,

=00 (14)

The string is influenced at x = 0 by a frequency
independent admittance Y},

sY(0,5) — Y4, [T:Y'(0,8) — EIY"(0,5)] = 0, (15)

while the condition for = ¢ is the same as in (14).
This influence by a bridge impedance can serve as
a very simple bridge model or as a model for the
damping by the ball of the hand.

The first set of conditions (14) can also be realized by
(15) with a zero impedance.

Incorporation of Boundary Conditions

The state-space description in (10), (13) describes the
transversal wave propagation of a guitar string. But
the exact boundary behavior was neglected. The model
is designed with a generalized boundary term ®, which
is modified in this section to incorporate two different
boundary conditions (14), (15) by techniques from con-
trol theory [7, 6, 8].
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Figure 5: General concept for the incorporation of realis-
tic boundary conditions. A general string model (red) is ex-
tended with a boundary circuit (blue) by the input and output
variables.

The boundary conditions for fixed ends (14) can be easily
realized by setting the boundary term ® in (10) to zero.
The model with fixed ends serves as a ground truth when
the influence of the impedance is investigated.

The incorporation of realistic boundary conditions (15)
is performed by the design of a feedback loop (see Fig. 5)
connecting the inputs (variables associated with bc) and
outputs (observable variables) of the system [7]. The
principle of the incorporation of (15) by the connection of
inputs and outputs is shown in Fig. 6. The exact deriva-
tions are skipped here for brevity and can be found in
[6, 9]. In the end, the influence of the boundary condi-
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Y
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Figure 6: String model with impedance boundary condi-
tions. General string model (red) is extended by a boundary
circuit (grey) realizing the boundary conditions in (15)

tions is concentrated into a feedback matrix BKC, which
modifies the state matrix A in the state equation (10) to
sY (s) = AY (s) + Fo(s), A= (A—-BK), (16)
with a modified state matrix A.. The output equation
stays the same as (13). The structure of the modified
state equation (16) is strongly related to control theory.
The feedback matrix BIC shifts the eigenvalues s, of the
system to a certain position, so that the system fulfills
the desired boundary behavior (see (15)).
Fig. 7 shows the eigenvalues s, in the complex plane for
the boundary conditions in (14) (blue) and (15) (yellow).
The figure shows the influence of the feedback matrix
on the eigenvalues of the system. As the boundary con-
ditions in (15) apply damping to each harmonic of the
string, all poles are shifted in negative z-direction.

Experimental Verification

This section shows simulation results for different bound-
ary conditions. The results are presented in terms of the
amplitude spectrum of the bending force at the bride po-
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Figure 7: Eigenfrequencies s, of the string with a zero (red)
and a non-zero (yellow, i, = 1-10™%s/kg) bridge admittance
Yy in the complex plain.

sition x = 0

F,(0,s) = EIY"(0, s), (17)
where several valid simplifications were applied [2]. The
simulations are preformed in the continuous frequency
domain with the modified state equation (16) and the
output equation (13). The parameters of the string for
the matrices in (4) are shown in Table 1.

The function fe(z,t) exciting the string is a single im-
pulse at the position z, = 0.3m on the string, as shown
in [9]. In the frequency domain this excitation leads to
a uniform excitation of all frequency components. The
simulation of output variables in response to this excita-
tion can be seen as an impedance-analysis of the string.

p Density 7850 kg/m®
E Young’s modulus 220 GPa
l Length 0.648 m
A Cross section area 0.0924 mm?
1 Moment of inertia 6.7943 - 10”4 mm*
di | Freq. indep. damping | 10-107°kg/(ms)
ds Freq. dep. damping 0.5-107¢ kgm/s
Ts Tension 72.2016 N

Table 1: Physical parameters of an e-guitar steel B-string
[10], with a fundamental frequency of fo ~ 250Hz.

Fig. 8 shows the amplitude spectra of the bending force
for three different values of the admittance Y. Setting
the admittance to zero in (15), one ends up directly
by the boundary conditions for fixed ends in (14) (red
curve). With this zero admittance, the fundamental and
the harmonics of the string can be clearly detected.
Setting the admittance to a high value (blue curve in
Fig 8) all harmonics are nearly completely damped. This
effect may be also compared to the termination of an elec-
trical transmission line by the characteristic impedance.
Therefore, the sound of the string is nearly completely
damped and the sound is dominated by the excitation,
which leads to the sound of a palm-muted playing style.
Choosing a mid-ranged admittance Y}, (yellow curve in
Fig. 8), the same effect as in Fig. 7 can be observed.
Each harmonic of the string is damped according to the
admittance Y.
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Figure 8: Amplitude spectra of the bending force Fy at
bridge position x = 0 for different values of the bridge ad-
mittance Y3, = 0 (red), 1 - 1072 s/kg (yellow), 2s/kg (blue).

Conclusions and Further Works

This paper presented a model for a vibrating e-guitar
string with realistic boundary conditions. The model is
based on a modal expansion of a spatial differential oper-
ator and is represented in terms of a state-space descrip-
tion. Realistic boundary conditions are incorporated by
the design of a feedback loop.

In further works the presented concepts are used to ex-
tend the model to more complex bridge and body mod-
els. Also the finger-string and string-fretboard interac-
tion should be investigated.

References
[1] J. Bensa, S. Bilbao, R. Kronland-Martinet, and J. O.
Smith, “The simulation of piano string vibration: From

physical models to finite difference schemes and digital
waveguides,” The Journal of the Acoustical Society of
America, vol. 114, no. 2, pp. 1095-1107, 2003. [Online].
Available: http://scitation.aip.org/content/asa/journal/jasa/
114/2/10.1121/1.1587146

L. Trautmann and R. Rabenstein, Digital Sound Synthesis
by Physical Modeling using the Functional Transformation
Method. New York, USA: Kluwer Academic Publishers, 2003.

S. Bilbao, Numerical Sound Synthesis. Chichester, UK: John

Wiley and Sons, 2009.

R. V. Churchill, Operational mathematics, 3rd ed.
Massachusetts: Mc Graw Hill, 1972.

Boston,

S. Petrausch and R. Rabenstein, “A simplified design of multi-
dimensional transfer function models,” in International Work-
shop on Spectral Methods and Multirate Signal Processing
(SMMSP2004), Vienna, Austria, September 2004, pp. 35-40.

M. Schéafer and R. Rabenstein, “A continuous frequency do-
main description of adjustable boundary conditions for multi-
dimensional transfer function models,” in 20th International
Conference on Digital Audio Effects (DAFz-17), 2017.

R. Rabenstein, M. Schifer, and C. Strobl, “Transfer function
models for distributed-parameter systems with impedance
boundary conditions,” International Journal of Control, 2017.

[6]

J. Deutscher and C. Harkort, “Parametric state feedback de-
sign of linear distributed-parameter systems,” International
Journal of Control, vol. 82, no. 6, pp. 1060-1069, 2009.

M. Schéfer, P. Frenstatsky, and R. Rabenstein, “A physical
string model with adjustable boundary conditions,” in 19th
International Conference on Digital Audio Effects (DAFz-
16), Brno, Czech Republic, September 2016, pp. 159 — 166.

[10] D’Addario, “String Tension Pro,” http://stringtensionpro.

com, accessed 2018-02-01.



