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Summary 
In this paper the systematic derivation of the equivalent 
electromechanical circuit for any kind of clamped-free 
piezoelectric multilayer beam bending actuator with respect 
to Rayleigh’s dissipation function is presented. Furthermore 
the different vibration modes are implemented into the 
model. In recent publications only bimorphs and triple layer 
piezoelectric benders have been represented by electrical 
equivalent circuits assuming a corresponding admittance 
matrix [1-4]. The aspects of the equivalent viscous damping 
in the sense of Rayleigh’s dissipation function and the 
different vibration modes which are both indispensable for 
the physical description of resonances and antiresonances of 
piezoelectric beam bending structures have not been taken 
into account yet. 

The starting point of our consideration is a differential 
homogeneous beam element affected at both ends by as well 
translatory quantities (velocity v, force F) as rotary 
quantities (angle velocity �, Moment M) [Fig. 1].  

In order to determine the dynamic behaviour of the beam 
element, the mass �m, the equivalent viscous damping �r
and a continuous load f(x) are taken into account. Assuming 
that the mass, the friction force and the load can be 
considered to be concentrated in the middle of the beam 
element and taking the kinematic and dynamic conditions 
into account the inner structure of the differential beam 
element can be determined [Fig. 2]. 

This structure can also be described by the complex partial 
differential equation of forth order for beam bending 
movements (eq. 1) 

(1) 

 where C, �, μ  and ra represent the flexural rigidity, the 
angular frequency and the mass and friction per unit length. 
The solution of the differential equation can be described by 
an infinite series (eq. 2)  

(2) 

where Xm(x) and vm represent the displacement and velocity 
functions according to the m-th vibration mode [5]. The 
orthogonality properties of the displacement functions result 
in the general solution (eq. 3) 

(3) 

which is the base to determine the dynamic admittance 
matrix H (eq. 4). Here n0 and kml represent the translatory 
compliance and the solution of the characteristic equation 
according to the vibration modes of a beam with respect to 
its boundary conditions. 

(4) 

In order to proceed to the piezoelectric beam bender a 
multilayered beam segment with piezoelectric layers in 
bending deformation is considered [Fig. 3]. 

In combination with the piezoelectric constitutive equations 
(eq. 5) 

(5) 

the connection between electrical and mechanical quantities 
can be described by an electromechanical circuit with two 
ports [Fig. 4] that can be implemented directly into to the 
equivalent circuit of a differential beam element [Fig. 2]. 
Assuming a multilayered piezoelectric cantilever [Fig. 5], 
the dynamic admittance matrix can be calculated (eq. 6) and 
the canonical electromechanical circuit representation of a 
clamped-free piezoelectric multilayer beam bending actuator 
can be derived [Fig. 6].  

Fig. 1: Differential beam element. 

Fig. 2: Equivalent circuit representation 
of a differential beam element.  
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Fig. 3: Multilayered piezoelectric beam segment. 
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(6) 

For the experimental investigations a specially developed 
piezoelectric multilayer bending actuator is used [Fig. 7]. 

In order to verify the canonical electromechanical circuit the 
emphasis is laid on the experimental determination of the 
dynamic deflection characteristics � of the bender’s tip as a 
function of the driving voltage u. The used measurement 
setup is shown in Figure 8. The experimental results are 

compared to the analytical calculations based on as well the 
dynamic admittance matrix (eq. 6) and the corresponding 
electromechanical circuit representation [Fig. 6] as the well 
known transfer functions of the amplifier for piezoelectric 
actuators and the triangulator in Figure 8. 

Compared to recent works the canonical electromechanical 
circuit representation for any kind of clamped-free 
piezoelectric multilayer beam bending actuator has been 
developed. The suitability of the circuit representation has 
been shown by determining experimentally the dynamic de-
flection characteristics of a specially developed piezoelectric 
multilayer beam bender. 
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Fig. 4: Equivalent circuit representation of 
a multilayered piezoelectric beam segment.  

Fig. 5: Clamped-free piezoelectric 
multilayer beam bending actuator.  
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Fig. 6: Canonical equivalent circuit representation 
of a clamped-free piezoelectric multilayer beam 
bending actuator.  

Fig. 7: Used piezoelectric actuator for 
experimental investigations.  

Fig. 8: Measurement setup for the 
experimental verification of the 
canonical equivalent circuit.  

Fig. 9: Measured and 
calculated transfer function.  
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