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Introduction

The driving noise of current automobiles at higher speeds
is dominated by sound generating vortices in the flow
field which arise, e.g., behind mounting parts such as
side mirrors or antennas. The reduction of this generated
noise level has gained more and more importance. Aeroa-
coustic optimization of these parts is performed by a
combination of experiments and simulations using appro-
priate numerical schemes for computational aeroacous-
tics (CAA). One established finite element(FE) scheme
for CAA is based on the second order wave equation
with source terms computed by Lighthill’s acoustic anal-
ogy [2]. More general approaches which also include con-
vective effects of the mean flow field on the sound propa-
gation are given e.g. by acoustic perturbation equations
(APE) [3] for which the standard FE ansatz leads to un-
stable solutions. We derive a penalized, mixed FE formu-
lation which allows a stable computation of the acoustic
field by solving APE in the presence of a mean flow. Fur-
thermore, we show first results for the computed pressure
level generated by a flow around a generic side mirror.

Aeroacoustic Formulations

The inhomogenuous wave equation for Lighthill’s acous-
tic analogy reads as follows [1]
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In (1) c0 denotes the speed of sound, p′ the acoustic pres-
sure and Tij the components of the Lighthill tensor. For
vortex sound problems in isentropic media, its compo-
nents can be approximated as Tij = ρufi u

f
j , where ρ is

the mean density and ufi the i-th component of the flow
velocity vector u which is obtained from the fluid flow
simulation.

The acoustic perturbation equations are derived from the
linearized Euler equations in which the unknowns are
split in their mean and fluctuating parts. For the ve-
locities this would read as

uf = u + u′ .

In the derivation of APE, a source term filtering is ap-
plied to ensure that only acoustic modes of the system are
excited [3]. For isentropic media and low Mach number

flow, the system of perturbation equations reads as
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ρ
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+ ρ ∇(u · u′) +∇p′ = ρ qm . (3)

The choice of the source terms qc and qm highly depends
on the application. When temperature related acoustic
sources can be neglected we distinguish two cases based
on the type of the flow.

• Incompressible Flow Field
According to [6] and [3], the source term is given as
the substantial derivative of the perturbed hydrody-
namic pressure P ′ = P f − P

qc =
DP ′

Dt
=
∂P ′

∂t
+ (u · ∇)P ′ ,

qm = 0 .

• Compressible Flow Field
For vortex sound problems, the dominatig source
term is

qc = 0 ,

qm = (∇× uf × uf )′ = L′ ,

in which L′ denotes the perturbed Lamb vector.

Variational Formulation

In order to apply the FE method to (1), we multiply the
equation with a scalar test function ϕ and perform an
integration over the computational domain. Integration
by parts and neglecting the surface integrals yields [2]∫
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To derive the variational formulation for the APE system
we multiply (2) with a test function ϕ and (3) with a
vectorial function ψ and perform an integration over the
complete domain. The resulting variational form is given
as ∫
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(5)
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In order to obtain a stable finite element formulation we
follow a mixed variational ansatz and choose p′ and ϕ in
the continuous Sobolev space H1, whereas the functions
ψ and u′ are thought in the discontinuous space L2. As
pointed out in [5], the straight forward application of this
mixed FE ansatz does not yield a stable scheme due to
the convective term in (6) involving the derivative of the
perturbation velocity u′. To stabilize the method, we in-
troduce a penalization term on each surface Γe1 between
adjacent elements in the computational grid
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The stabilizing effect of the penalty term can be seen
in Fig. 1 for an acoustic pressure pulse popagating in a
domain with a constant mean flow at Mach 0.5 going
from left to right. It can be seen, that the acoustic field

Figure 1: Contour plot of acoustic pressure with constant
mean flow of Mach 0.5 in x-direction obtained without (left)
and with penalization term (right).

obtained by applying (7) shows no instabilities. This
even holds for higher Mach numbers.

Results

As an application for the proposed CAA schemes, we
investigate the acoustic field generated by a generic side-
mirror [4]. A sketch of the geometry and dimensions is
given in Fig. 2. The inflow velocity is chosen to have a
Mach number of 0.11 and no-slip boundary conditions
are applied to the ground surface as well as the surfaces
of the mirror. To verify the results we record the acous-

Figure 2: Dimensions of generic side mirror and simulation
domain: side, front and top-view.

tic pressure computed with the wave equation on the
ground surface at the point M as depicted in Fig. 2 and
compare the spectrum of the pressure level with mea-
sured data given in [4]. Figure 3 demonstrates the quite
good agreement between measured and simulated pres-
sure spectrum.

Outlook

We have shown the application of Lighthill’s acoustic
analogy to compute the sound field generated by a flow

Figure 3: Pressure level at monitoring point.

around a generic side mirror. The results show a good
agreement with measured data found in literature. Fur-
thermore, it was possible to show the successfull stabi-
lization of our FE formulation for APE by utilizing a
penalized mixed variational ansatz. Currently, we inves-
tigate aeroacoustic results using APE for the generic side
mirror example.
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