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Introduction

Accurate models of acoustic propagation in ocean waveg-
uides typically assume the environmental and acoustic
parameters, fields and boundary conditions necessary to
solve the appropriate differential equations to be exactly
known. However, in most situations exact knowledge of
theses quantities is not available. This state of affairs
is the norm rather than the exception and it introduces
uncertainty into the computation of the acoustic field.
One can represent the incomplete knowledge (i.e. uncer-
tainty) by probability distributions on the uncertain pa-
rameters. Then the acoustic field can be represented by
a stochastic process whose moments and probability den-
sity functions are completely specified once the stochastic
process is explicitly computed. In this context, stochastic
basis expansions provide useful representations for both
the environment and the acoustic field. Here, we briefly
describe the application of a possible implementation, the
so-called Polynomial Chaos Expansion (PCE), to acous-
tic propagation through uncertain (oceanographic) inter-
nal waves in a simplified continental shelf environment.

Acoustic propagation in an internal-wave
field

We begin with a brief description of deterministic simu-
lation results [1]. Two-dimensional non-hydrostatic hy-
drodynamic calculations were performed over a range of
100 km in water of variable depth, between 50 m on the
shelf and 100 m beyond the shelf-break. On the open
ocean side tidal forcing was implemented by applying a
sinusoidal surface displacement with an amplitude of 2 m
and a period of 12.4 hours. The initial temperature field
was assumed to be range-independent, while the depth
dependence of the temperature profile represents a sim-
plified summer profile. As the barotropic tidal flow re-
peatedly forces stratified water over the shelf edge, energy
is radiated away from the shelf break. This energy occurs
as internal tide which may develop into a train of inter-
nal waves. For acoustic computations, a 30 km subset of
the entire domain was chosen and centered on the shelf-
break. For selected environmental snap-shots the sound-
speed field was processed through a wide-angle parabolic
equation code. The acoustic source was positioned at
range 0 km at a depth of 15 m below the surface, and the
acoustic field was computed for a continuous wave signal
with frequency of f = 200 Hz (Fig. 1). For a given fre-
quency, source depth, bottom profile, bottom properties
and sound-speed distribution, a particular transmission
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Figure 1: Snapshot of computed transmission loss (TL)
when an onshore moving solibore is about to reach the acous-
tic source which is located at a depth of −15 m below the
surface at a range of 0 km. The black lines are contours of
temperature and TL is coded in color. Geometric spreading
is not taken into account.

loss (TL) pattern is obtained; an example obtained ap-
proximately 7 hours after the start of the simulation is
given in Fig. 1. As internal waves propagate through the
domain the sound-speed field becomes distorted and the
TL pattern evolves in time [1].

Acoustic propagation with uncertainty

When environment and acoustic system parameters are
only partially known the PCE method can be used to
describe this scenario. Four contributions of uncertainty
are considered, two associated with oceanographic in-
put parameters for the fluid simulations and two rep-
resenting uncertain acoustic input parameters for the
acoustic simulations, yielding a total of D = 4 uncer-
tain degrees of freedom. These four sources of uncer-
tainty are described by the D-dimensional random vec-
tor ξ = (ξ1, . . . , ξD) (also known as uncertainty vector)
that completely describes the incomplete knowledge in
the problem parametrized in terms of the random vari-
ables ξ1, . . . ξD. Values of the elements ξi, i = 1 . . . D are
drawn from specified probability distributions.

The first source of uncertainty is the amplitude of the
tidal forcing. This may be written as

s(t; ξ1) = (2 + 0.1 ξ1) cos(ω t) , (1)

where the standard deviation of the surface elevation
s(t; ξ1) (given in meters) is a function of time. The second
is associated with the vertical structure of the (initially)
range-independent temperature profile, the third involves
the depth zS (in meters) of the acoustic source and the
fourth the sound speed cS (in ms−1) in the sea-floor (for
details on uncertainty sources 2, 3, and 3 see [4]). For
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the sake of simplicity, for all four sources of uncertainty
the assumption is that the random variables ξi are sta-
tistically independent, Gaussian and have zero mean and
unit variance.

The stochastic representation of the space and time vary-
ing intensity field, I(r, t; ξ), can be written as mean-
square convergent polynomial chaos expansion [2, 3]

I(m)(r, t; ξ(m)) u

(S+D)!
(S!D!)

−1∑
q=0

ηq(r, t)Λq(ξ(m)) . (2)

where the spatial dependence of the field is r = (x, z) and
t is time. Note that here only the truncated and hence ap-
proximate form of the full PC expansion is shown. Gen-
erally, the highest degree considered in the truncation
will be referred to as the order of the polynomial chaos
expansion, represented by S. The quantities ηq(r, t) are
deterministic expansion coefficients and Λq(ξ) are known
chaos basis functionals. These functionals are multivari-
ate polynomial functions of the random vector ξ with a
form depending on their probability density function.

The unknown PC coefficients ηq(r, t) were obtained using
the stochastic response surface method [3, 4]. For each of
M sample environments a corresponding intensity field
I(m)(r, t; ξ(m)) was computed deterministically. For a
given location r and time t these estimates lead to a set
of M linear equations for the expansion coefficients in the
form

I(m)(r, t; ξ(m)) u

(S+D)!
(S!D!)

−1∑
q=0

ηq(r, t)Λq(ξ(m)) , (3)

with m = 1, . . . ,M . The solution of Eq. (3), that is
the set of PC coefficients ηq(r, t), was obtained by a
constrained least-squares method. After the coefficients
ηq(r, t) have been computed statistical properties of the
intensity can be obtained. Immediately available are the
mean value 〈I(r, t; ξ)〉 given by the zeroth order coeffi-
cient η0(r, t), and the variance given by

Var[ I(r, t; ξ) ] =

(S+D)!
(S!D!)

−1∑
q=1

|ηq(r, t)|2 . (4)

Analysis of PC coefficients

To give an example for the use of the PC expansion we
present the PC coefficients computed from an ensem-
ble of I(m)(r, t; ξ(m)), m = 1 . . . 200 values obtained at
range x = 2250 m and z = −16.2 m at times t = 4 s,
t = 24720 s and t = 26160 s. The values obtained for
the coefficients η0(r, t), η1(r, t) . . . , η69(r, t) are shown in
Fig. 2. The zeroth order coefficient η0, i.e. the mean
value, is much larger than the other coefficients. Sample
values are η0(t) = 0.0085, 0.0249, 0.0174 for times t = 4 s,
t = 24720 s and t = 26160 s, respectively. The time-
dependence is in agreement with the fact that the compu-
tation involves traveling internal waves that temporally
modify the sound speed field.

The set of coefficients η1, η2, η3 and η4 correspond to lin-
ear contributions of the environmental uncertainty to the
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Figure 2: PC coefficients η0(r, t), η1(r, t) . . . , η69(r, t) for a
fourth order PC expansion with all four sources of uncer-
tainty. Coefficients are for source location x = 2250 m and
z = −16.2 m for times t = 4 s, t = 24720 s and t = 26160 s.
M = 200 realizations were used to compute the PC coeffi-
cients for both figures.

acoustic field intensity. At the beginning of the simula-
tion at time t = 4 s coefficients η1 and η2 are approxi-
mately zero because at this time internal waves have not
yet formed and arrived at the chosen location. While
η3 (associated with source depth uncertainty) is quite
small, η4 (sediment sound speed uncertainty) is much
larger. The conclusion from this decomposition at this
location and time is that incomplete knowledge of the
acoustic intensity is clearly dominated by uncertainty
of the sediment sound speed. At time t = 24720 s,
when the leading edge of a solibore arrives at the lo-
cation of interest, the coefficient η1 assumes a significant
value, indicating that the uncertainty associate with the
tidal amplitude has become important. Also note that
now the coefficient η8 corresponding to the polynomial
Λ8 = 1√

2!
(ξ1ξ4) is positive, implying interaction between

tidal amplitude and sediment sound speed uncertainties.

Because the PC expansion is a functional form that con-
tains information on the distribution of the environmen-
tal uncertainty, it is particularly easy to investigate in-
teraction between different sources of incomplete infor-
mation. Also note that the PCE method naturally lends
itself to other forms of analysis like the algebraic compu-
tation of probability histograms and to sensitivity anal-
ysis [4].
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